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OVERVIEW

To develop a systematic theory of finite

covers of hyperbolic 3-manifolds.

Throughout, M = H?/T" = a finite volume
hyperbolic 3-manifold

1. Existence of covers

2. Counting covers

3. The virtually Haken conjecture:
(i) Manifolds with boundary
(ii) Orbifolds
(iii) Arithmetic 3-manifolds

(iv) General 3-manifolds

Thanks to: Alex Lubotzky, Darren Long, Alan
Reid



We'll focus on mod p homology because

it’s topological

it relates to the algebra of linear groups

it behaves in a surprising way for 3-manifolds
it can be used to construct covers

fast homology growth is related to the virtually

Haken conjecture

it gives a fairly systematic way of understanding

finite covers of 3-manifolds



Virtually Haken conjecture: M has a finite cover
that is Haken

Positive vb; conjecture: M has a finite cover M

~

with bl(M> > 0.

Infinite vb; conjecture: M has finite covers M

~

where b1 (M) is arbitrarily large

[' is large, i.e. some f.i. subgroup admits a

surjective hm onto a non-abelian free group
Terminology: vby (M) =

sup{bi (M) : M is a finite cover of M}



What types of covers? How many?
2 main types of covering groups:

e simple groups especially PSL(2,q), ¢ a prime

power
e p-groups ie. their order is a power of p

Proposition 1.1: Let M — M be a regular cover

with degree a power of p. This factorises as

~

M=M, —-M,_ 11— ... > My=M

where successive covers are regular with covering

group Z/pZ.
Let d,(I") be the dimension of Hy(I';Z/pZ).

Theorem 1.2: [Lubotzky| For any prime p,

sup{d,(I';) : I'; is a f.i. subgroup of I'} = oc.



Theorem 1.3: [Malcev| I' is residually finite i.e.
for every non-trivial g € I', there is a hm ¢ from
' onto a finite group s.t. ¢(g) # 1.

Theorem 1.4: [Malcev| Any finitely generated,

linear group is residually finite.
Proof:
I' C GL(n,k), k a field

We will keep track of an example throughout: I'
is the fundamental group of the figure-eight knot
complement. Recall that this has two generators

given by the matrices

(1) (6)

where w is a cube root of unity.



Let {g1,...,9-} be a generating set for I' s.t.

(1) 16{91,...,%}

(i) g€ {1, ..o} =97 €{g,- .-, 9}

{91, 9r} =
G LD 6

Let R be the subring of k£ generated by the

matrix entries of {g1,...,9:}.
R = Z|w].
Then I' C GL(n, R).

R is an integral domain because it is a subring

of a field and contains 1.

Consider an arbitrary non-trivial element g € I.
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1 0
wa= (1)

We will find a ring homomorphism
R—TF
onto a finite field F which induces a hm
¢:I' = GL(n, R) — GL(n,F).

The aim is ensure ¢(g) # 1.

Since g #* 1, g — 1 has a non-zero entry a. eg.

a — Ww.

. For any integral domain R and any non-zero

element a of R, there is a maximal ideal I of R
such that a ¢ I;

. For any ideal [ in an integral domain R, R/I is

a field if and only if I is maximal.

. Any field that is finitely generated as a ring is
finite.



(1) = there is a maximal ideal [ in R s.t. a & I.
(2) + (3) = R/I is a finite field.
Thus,
¢:I' — GL(n, R) — GL(n, R/I)
and ¢(g) # 1, as required.
Return to our example:

We must find a maximal ideal I in Z|w] not

contalning w.
View Zlw| as Z[t]/(t* +t + 1). Then

{ideals in Z|w]}

!

{ideals in Z[t] containing (t* 4+t + 1)}



eg [ = (2,t*+t+1).
Claim: I is maximal and t & I.

Use (2), and verify that Z[t]/(2,t* +t + 1) is a
field:

Note that

Z[t])(2,6> +t+1) 2 Zo[t] /(> +t + 1)
= Zo(t)/(t* + 1 +1).

This is a field, since t? +t + 1 has no roots in Zs
and hence t?2 +t+1 is an irreducible polynomial.
Hence t € (12 +t+ 1) C Zs(t).

Thus, F = Z[w]/(2) & Zs(t)/(t? +t+1), which is
the finite field with characteristic 2 and dimen-

sion 2 over Zg, i.e. |F| = 4.
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The required homomorphism is

0 Thms 1.3 & 1.4
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Fact. I' may be conjugated by an element of
PSL(2,C) so that it lies in PSL(2, k), for some
number field k. e.g. k= Q(w).

The ring of integers Ry, consists of those elements
of the field that satisfy a monic polynomial equa-
tion

T+ ap_12" 4. 4+ ag =0,

where each a; € Z. (e.g. Ry is Z|w].)
Fact. Ry is a finitely generated ring.

Now redefine R: set it to be the ring generated
by the matrix entries of {g1,...,9.}, together
with Rj. Then, still R is finitely generated and
I'c PSL(2,R).

In our example, R is unchanged because it

already contains Ry.
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Recall that an ideal [ is prime if
ryel=xecloryecl.

The basic examples are the ideals (p) in Z, where

p is a prime number.

Fact. Non-zero prime ideals in R, are maximal.

Fact. If I C J are ideals in Ry, then I = JJ’ for

some ideal J’.

Fact. In Ry, any non-zero ideal [, factorises

uniquely as
Iy = P/ ... P™,
where the P; are distinct prime ideals in R; and

each a; € Z~g.

Consequence 1. Any element r of Ry lies in only

finitely many prime ideals.
Write (r) = P ... P,
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Consequence 2. For any prime p € Z, there is a
prime ideal I in Ry such that Ry /I is a finite

field of characteristic p.

Let (p) be the ideal in Ry generated by
.

Then (p) # Ry because 1/p € Ry.

Then (p) is a product of prime ideals P;"* ... P.
We claim that we may let I be any P;.

Ry /P; is a finite field.

Now, Z N P; is an ideal in Z containing p, but
not containing 1. Hence, Z N P; = pZ.

So, for any prime p’ # p, p’ represents a non-zero
element of Ry /P;.

Thus, the characteristic of Ry/P; is p.



A reduction homomorphism is
I' — PSL(2,R) — PSL(2,R/I)

for some non-zero ideal I in R. ‘Reduce mod I’

A principal congruence subgroup of I' is the ker-

nel of a reduction hm. ‘Congruent to 1 mod I’

A congruence subgroup is one that contains a

principal congruence subgroup.

Thm 1.5: For all but finitely many primes p,
there is a reduction hm ¢,:I" — PSL(2, q) where

q is some power of p. Moreover:

. for any non-trivial g € T', ¢,(g9) = 1 for at most
finitely many p;

. for any f.i. subgroup I'; of I'; ¢,(I'1) is isomor-
phic to PSL(2, ¢1) or PGL(2, q1), where ¢1|q, for
all but finitely many primes p.
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Start with a prime ideal [, in Ri. We can ar-
range that Ry /Iy is a field of char any prime p.
Let

I={reR:3Jacl;,be Ry — I s.t. r=a/b}.

Can show that I is an ideal and R/I = Ry /I,
provided we avoid finitely many p (must avoid
those ideals containing denominators of the

matrix entries).

g—1+#0,and so g—1=0mod I
for only finitely many 1.

Subgroups of PSL(2, q) are classified:
e soluble with derived length < 2

) A4, S4 or A5
e PSL(2,q1) or PGL(2, q1), for ¢1]q.
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Let g € I'; be a non-trivial elt in the 3" term of
the derived series of I';. (NB: I' is not soluble).

Then ¢,(g%) # 1 for all but finitely many p.
So ¢,(I'1) # any of 1% two possibilities.
So ¢, (I'1) = PSL(2,q1) or PGL(2, q1), for ¢1]q.

Thm 1.6: Let P be any infinite set of primes.

Then, for each n > 1, there is a surjective hm
' = G(p1) X ... x G(pn)
where G(p;) = PSL(2,q;) or PGL(2, ¢;), where

g; 1s a power of p;, and each p; € P.

Chinese remainder theorem:
for any distinct primes pq, ..., p,, reduction mod

p; gives a surjective hm

7o — (Z]p1Z) X ... x (Z]pnZ).
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Construct the hms ¢,,: ' — G(p1) X ... X G(pn)
by induction on n. For n = 1, this is Thm

1.5. Suppose we have constructed ¢,,. Let I',, =
ker (1, ).

By Thm 1.5, there is pp41 € P s.t. ¢p, , (I'n) =
PSL(2, gnt1) or PGL(2, ¢n+1), and where g1

is a power of p,.11.
Yn X @p,, ., 18 surjective.
Let (A1,..., Any1) € G(p1) X ... X G(png1)-

Since 1, is surjective, 3 g € T' s.t. ¥,(g9) =
(Al, .. ,An> Let Bn_|_1 = ¢pn+1(g>'

Tk € ker(vhy) s.t. dp, ., (k) = Angr (Bns1) "L

(,an X ¢pn+1>(kg> — (A17 K 7An—|-1>'



Theorem 1.2: [Lubotzky| For any prime p,

sup{d,(I';) : I'; is a f.i. subgroup of I'} = oc.

We need:

Theorem: [Dirichlet] For any coprime integers a
and ¢, there infinitely many primes congruent to

a mod q.

Let P be the primes congruent
to 1 mod p. (When p = 2, define P to be the

primes congruent to 1 mod 4.)
By Dirichlet, |P| = oo.
By 1.6, can find a surj hm
Y:I' = G(py) X ... x G(pp)
where each p; € P.
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The diagonal subgroup of G(p;) is isomorphic to
Fy /{F1} (where F; is the group of units in IFy, ).
This contains F; /{41}. This is cyclic of order
(p; — 1)/2, and so contains a cyclic group C; of
order p (by our choice of P).

Let 'y =9~ 1(C1 x ... x Cp).
Let Ty = ker(1)).

Then I'; <« T’y are f.i. subgps of I'; and I'y /T’y
(Zp)"-

SO, dp(F1> Z n.



