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0.1. Aspherical values. Let W be
a finite irreducible Coxeter group, h

its reflection representation, and H1,c =
H1,c(W, h) be the rational Chered-
nik algebra attached to W with pa-
rameter c, a conjugation invariant func-
tion on the set of reflections in W
([E1], section 7). Let e = |W |−1 ∑

w∈W w
be the symmetrizer for W . Let B(W )
be the set of all c for which H1,c 6=
H1,ceH1,c. This is equivalent to ex-
istence of a nonzero module M in
category O over H1,c which is as-
pherical, i.e. eM = 0.
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An important open problem is to
characterize B(W ).

Conjecture 0.1. c ∈ B(W ) if and
only if the irreducible representation
Lc(sign), whose highest weight is the
sign representation of W , is aspheri-
cal.

Let B′(W ) ⊂ C be the intersection
of B(W ) with the set of constant
functions c (If W is simply laced,
B′(W ) = B(W )).
It follows from the paper [DJO] that

if c ∈ (−1, 0) ∩ Q, and the denomi-
nator of c divides one of the degrees
di of W , then c ∈ B′(W ).
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Conjecture 0.2. If c ∈ B′(W ) then
c ∈ (−1, 0) ∩ Q, and the denomina-
tor of c divides one of the degrees di
of W .

This conjecture is known in type
A, thanks to [GS] and [BE]. It fol-
lows from Conjecture 0.1 thanks to
the paper [DJO]. The same paper
implies that Conjecture 0.2 also fol-
lows from the following weaker con-
jecture.

Conjecture 0.3. ∀c ∈ B′(W ),
c < 0.

Finally, it follows from the paper
[BE] that to prove Conjecture 0.2,
it suffices to show that for c > 0,
any nonzero finite dimensional H1,c-
module admits a W -invariant vector.
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0.2. Ring theoretic properties

of symplectic reflection alge-

bras. Let V be a finite dimensional
symplectic vector space over C, and
G a finite subgroup of Sp(V ). Let
H1,c[V,G] be the corresponding sym-
plectic reflection algebra (here c is
a conjugation invariant function on
the set of symplectic reflections).

Conjecture 0.4.The algebra H1,c[V,G]
is simple and satisfies Bernstein’s in-
equality (the GK dimension of a nonzero
finitely generated module is at least
1
2 dim V ) when c is Weil generic, i.e.,
does not belong to a countable union
of proper subvarieties.

Note that the algebra H1,0[V,G] is
simple and satisfies Bernstein’s in-
equality, as it is isomorphic to the
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smash product of G with the Weyl
algebra of V .
This conjecture is known for ratio-

nal Cherednik algebras (V = h⊕h∗,
G acts on h), see [BEG], and in the
case dim V = 2, due to the work of
Crawley-Boevey and Holland [CBH].
However, it is open for symplectic
reflection algebras for wreath prod-
ucts.
One may upgrade Conjecture 0.4 to

a collection of more refined conjec-
tures and questions. For instance,
one may conjecture that the alge-
bra H1,c[G, V ], for any c, satisfies
the generalized Bernstein inequality,
GBI (an algebra A is said to satisfty
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GBI is for any nonzero finitely gen-
erated module M over A,

GKdim(M ) ≥
1

2
GKdim(A/ann(M )),

where GKdim is the Gelfand-Kirillov
dimension, and ann stands for the
annihilator.)
Another question is as follows: let

d(c) be the smallest Gelfand-Kirillov
dimension of a nonzero finitely gen-
erated module over H1,c[G, V ] (an
integer because this algebra has a fil-
tration whose associated graded is fi-
nite over its center); find the stratifi-
cation of the space of c by values of
d(c).
In particular, it is an interesting prob-

lem to find c for which d(c) = 0, i.e.,
H1,c[G, V ] has finite dimensional rep-
resentations, and find their G-characters.

6



In the case when G = SnnΓn, where
Γ is a finite subgroup of SL2(C) (wreath
product case) and k := c(sij) is “in-
finitesimally small” (where sij ∈ Sn

is the transposition of i and j), this
problem was solved by S. Montarani
and W.L.Gan [Mo], [Ga].
Another interesting conjecture, sim-

ilar to the Gelfand-Kirillov conjec-
ture for Lie algebras, is the following.
Let e = |G|−1 ∑

g∈G g.

Conjecture 0.5. The skew-field of
quotients of eH1,c[G, V ]e is indepen-
dent of c, and hence is isomorphic to
the skew-field of quotients of Weyl(V )G,
where Weyl(V ) is the Weyl algebra
of V .
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0.3. Hecke algebras of orbifolds.

Let X be a simply connected com-
plex manifold, and G a discrete group
acting faithfully and holomorphically
on X . Then X/G is a complex orb-
ifold.
It is clear that for any g ∈ G, the

fixed set Xg is smooth (it is empty
unless g has finite order). A reflec-
tion hypersurface is a connected com-
ponent Y of Xg which has codimen-
sion 1 in X . If Y is a reflection hy-
persurface, denote by GY the stabi-
lizer in G of a generic point of Y .
It is a cyclic group of some order
nY . Let gY be the generator of this

group having eigenvalue e2πi/nY on
the normal bundle to Y . Let X ′ be
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the set of points x ∈ X whose stabi-
lizer Gx is trivial. The braid group
of the orbifold X/G is the fundamen-
tal group G̃ = π1(X

′/G, x) for some
x ∈ X ′. Let CY be the conjugacy
class in G̃ defined by a small loop
around the image of Y in X/G. We
have a natural surjective homomor-
phism f : G̃ → G, and the the ker-
nel K of f is defined by the relation
TnY = 1, T ∈ CY .
Let t = (tY,j), j = 1, ..., nY , be

a collection of invertible parameters,
invariant with respect to conjugation
by G. Following [E2] define the orb-
ifold Hecke algebra H(t, X,G) over
C[t, t−1] to be the quotient of the
group algebra of the braid group C[G̃][t, t−1]

9



by the relations

nY∏

j=1

(T − tY,je
2πij/nY ) = 0,

for T ∈ CY .
Thus, the orbifold Hecke algebra is

a deformation of the group algebra
C[G]. It is proved in [E2] that if
H2(X, C) = 0, then the formal com-
pletion of this algebra at the point
tY,j = 1 is a flat formal deformation
of the group algebra C[G]. However,
algebraic, rather than formal, flat-
ness is, in most cases, an open prob-
lem.

Conjecture 0.6. If H2(X, C) = 0
then the algebra H(t, X,G) is a free
C[t, t−1]-module, which has a basis
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{Tg, g ∈ G}, specializing to the ba-
sis of {g, g ∈ G} at the point tY,j =
1.
In particular, if G has polynomial

growth, then H(t, X,G) has a finite
Gelfand-Kirillov dimension, equal to
the GK dimension of G, and if G
is finite then H(t, X,G) has rank
equal to |G|.

This conjecture is known only in
some special cases. In the finite group
case, when X is a vector space, it re-
duces to the case when G is a com-
plex reflection group, in which case
this is the conjecture from [BMR];
it is known in many cases (includ-
ing all real reflection groups), but not
all. The conjecture is also known in
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the case when W is an affine or dou-
ble affine Weyl group, and X is the
reflection representation (affine and
double affine Hecke algebras, [Che]).
The conjecture is open in the case
when X is a complex vector space
and G is a crystallographic reflec-
tion group, e.g. Sn n (Z/`Z n Λ)n,
X = Cn, where ` = 3, 4, 6, and Λ is
the triangular or square lattice in C.

0.4. Higher rank analogs of non-

commutative surfaces. Let A be
a Calabi-Yau algebra of dimension 2
over C. This means that A has coho-
mological dimension 2, and
ExtiA−bimod(A,A ⊗ A) lives in de-
gree 2 and is isomorphic to A as an
A-bimodule.
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Assume that HH0(A) = C, HH1(A) =
0. (In this case it is known [EO]
that if n > 1 then for the algebra
An = SnnAn one has HH2(An) =
HH2(A) ⊕ C, HH3(An) = 0. This
implies, by classical deformation the-
ory, that the moduli space of formal
deformations of An is the product of
the moduli space of formal deforma-
tions of A with a 1-dimensional for-
mal disk. This implies that there ex-
ists an interesting 1-parameter (with
parameter k) deformation Hn,k(Au)

of Sn n A⊗n
u , where Au is the uni-

versal deformation of A. In fact, one
expects the existence of such a defor-
mation even when HH1(A) 6= 0.
An interesting problem, open in many

cases, is to explicitly construct this
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deformation for concrete algebras A,
coming from quantized algebraic sur-
faces, and to give meaning to this
deformation for non-formal (i.e., nu-
merical) values of parameters. One
expects that the “spherical subalge-
bra” eHn,k(Au)e (where e ∈ C[Sn]
is the Young symmetrizer) will then
be a quantization of the Hilbert scheme
of the corresponding surface.
To be specific, if A is the Weyl alge-

bra D(C) (quantization of the sym-
plectic plane), then Au = A, and
Hn,k(A) is the rational Cherednik
algebra of type A. If A is the algebra
of invariants D(C)Γ, Γ ⊂ SL2(C)
is a finite subgroup, then Hn,k(Au)
is a subalgebra in the symplectic re-
flection algebra for wreath product.
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If A is the quantum torus T , then
Hn,k(Au) is the double affine Hecke
algebra of type A ([Che]). If A =
TZ2, then Hk,n(Au) is a subalgebra
in Sahi’s 6-parameter algebra [Sa]. If
A is the quantization of a Del Pezzo
surface with a nodal genus 1 curve
removed, described in [EOR], then
Hk,n(Au) is the algebra described in
[EGO]. However, if A is a quanti-
zation of a del Pezzo surface with a
smooth elliptic curve removed ([VdB],[EG]),
then we don’t know how to construct
Hk,n(Au). The simplest interesting

case is A = A′/(z − C), where A′

is a Sklyanin algebra with 3 genera-
tors, z its cubic central element, and
C a complex number.
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