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Planning an economic activity is in general

an extremely complex problem, where a high

number of parameters often intervene. In

addition, the attitude of the planner has to

be taken into account: long-term planners

take their decision through an optimization

process over a large time horizon, while short-

term planners behave optimizing day-by-day

their strategies. Usually, the first kind of

behavior is perceived as more virtuous and

efficient, while the second is seen as easier

to implement.
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The goal is to study the performances of

long-term and short-term plannings on a very

simple model problem: the so-called location

problem, that can be roughly described as

follows.

Suppose one has to open a certain given

number n ∈ N of facilities (e.g. plants, shops,

distribution centers, cinemas etc.) in a given

urban region Ω ⊂ Rd which for simplicity we

assume to be a compact convex set.
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If the density of population in Ω is described

by a probability measure ν = f(x)dx, and the

configuration of facilities is modeled by a set

Σ ⊂ Ω consisting of at most n points (i.e.

#Σ ≤ n), then the simplest way to measure

how good is the chosen configuration is to

calculate the average distance that people

have to cover to reach the nearest facility

F (Σ) :=
∫
Ω

dist(x,Σ) f(x) dx.

If the owner of the facilities wants to open all

of them at once, he would solve the problem

3



Ln = min
{
F (Σ) : Σ ⊂ Ω, #Σ ≤ n

}
that we call long-term location problem.

The problem is also called quantization be-

cause, given a density f(x), one wants to

approximate f in the best way by a discrete

sum of Dirac masses, i.e. minimizing

W1(f, µ) among µ =
n∑

k=1

mkδxk

being W1 the Wasserstein distance.
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The location and quantization problems have
been extensively studied:
MathSciNet: “location” 3388 items in title

For instance:
Suzuki, Asami, Okabe Math. Program. ’91
Suzuki, Drezner Location Science ’96
Buttazzo, Oudet, Stepanov Birkhäuser ’02
Bouchitté, Jimenez, Rajesh CRAS ’02
Morgan, Bolton Amer. Math. Monthly ’02

location problems in elasticity:
Buttazzo, Santambrogio, Varchon COCV ’06
Buttazzo, Santambrogio preprint ’07.
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We recall here the main known facts.

• Ln ≈ n−1/d as n → +∞;

• n1/dFn → Cd

∫
Ω

µ−1/df(x) dx as n → +∞, in

the sense of Γ-convergence, where the limit
functional is defined on probability measures;

• µopt = Kdf
d/(1+d) hence the optimal con-

figurations Σn are asymptotically distributed
in Ω as fd/(1+d) and not as f (for instance
as f2/3 in dimension two).

• in dimension two the optimal configuration
approaches the one given by the centers of
regular exagons.
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Optimal locations of 5 and 6 points in a disk for f = 1
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• In dimension one we have C1 = 1/4.

• In dimension two we have

C2 =
∫
E
|x| dx =

3 log3 + 4

6
√

233/4
≈ 0.377

where E is the regular hexagon of unit area
centered at the origin.

• The value of the constant Cd is not known
in dimension higher than two.

• In dimension higher than two the optimal
asymptotical configuration of the points is
not known.

• The numerical computation of optimal con-
figurations is very heavy.
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It is interesting to compare the optimal loca-

tion of n points in Ω to a random distribution

of n points in Ω. Surprisingly, the average

cost Rn of a random location vanishes, as

n →∞, with the same order of Ln, and more

precisely (Cohort 2004) for f = 1:

Rn ≈ Rdn
−1/d as n → +∞

where Rd = ω
−1/d
d Γ(1 + 1/d).

d = 1 C1 = 1/4 R1 = 1/2
d = 2 C2 ≈ 0.377 R2 = 1/2
d = 3 C3 ≤ 0.415 R3 ≈ 0.554
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Assume now the owner of the facilities is
unable to open all the facilities immediately
(say, if he does not have enough financial
resources to do that); then he will open them
one by one, trying to minimize the average
distance functional F at each step, taking
into consideration the location of facilities
already opened at previous steps, i.e. solving
the short-term location problem below:

Σ′
0 = ∅

Σ′
n+1 minimizes F (Σ)

with constraints Σ ⊃ Σ′
n, #Σ ≤ n.

We denote by Sn the optimal cost F (Σ′
n).
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The optimal sets Σ′
n are not unique and the

values Sn may depend on the choice of Σ′
k

for k < n. We look at the questions below.

(A) Find the asymptotic order (as n →∞) of
Sn , i.e. find α > 0 such that

C1n−α ≤ Sn ≤ C2n−α

for some C1, C2 > 0 and for n sufficiently
large. To simplify the notation, we write
in this case Sn ∼ n−α. Recall that, con-
cerning the long-term problem we have

Ln ∼ n−1/d.
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(B) Find precise asymptotic estimates for Sn,

i.e. find limn nαSn or just lim inf and

lim sup, should the limit not exist. Re-

call that in the long-term case we have

lim
n

n1/dLn = Cd

( ∫
Ω

fd/(1+d) dx

)(1+d)/d
.

(C) Describe the asymptotic behavior of min-

imizers, i.e. find all the weak limits, in a

suitable sense, of subsequences of mini-

mizers.
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The answer to question (A) on the asymp-
totic order is very easy in the long-term case.

Estimate from above: place the n points
in a regular grid of edge ε ∼ n−1/d

13



then we have

Ln ≤ (#cells) ·meas(cell) · ε ∼ n−1/d.

Estimate from below: take a regular grid

of edge ε such that the number of cells is

close to 2n, so ε ∼ n−1/d. There will be at

least n empty cells so that

Ln ≥ (#empty cells) ·meas(cell) · ε ∼ n−1/d.

The situation is more delicate in the short-

term case.
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Theorem. We still have Sn ∼ n−1/d.

Of course, since Sn ≥ Ln, we have the esti-
mate from below:

C1n−1/d ≤ Ln ≤ Sn.

The estimate from above comes out from a
careful comparison argument, through which
we can prove that

Sn+1 ≤ Sn −KdS
d+1
n .

The proof of the asymptotic oder estimate
ends by the recursive inequality lemma be-
low.
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Lemma. Let {an} be a sequence of nonneg-

ative numbers satisfying

an+1 ≤ an − Cad+1
n ∀n ∈ N,

where C > 0 is a constant. Then there exists

a number B > 0 (depending only on a1, C

and d), such that

an ≤ Bn−1/d ∀n ∈ N.

Thus question (A) is answered, and

Ln ∼ Sn ∼ n−1/d.
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We consider now questions (B) (limit prob-

lem) and (C) (asymptotic minimizers) in the

one-dimensional case, with f = 1 for simplic-

ity. The computation of the optimal short-

term location can be made explicitly and we

summarize here the results.

• The optimal locations Σ′
n are not unique,

but in this case (d = 1 and f = 1) the opti-

mal values Sn do not depend on the choice

of Σ′
n.

• The bounded sequence nSn does not con-

verge to a limit as n → +∞.
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• If x1, x2, . . . is an optimal sequence for the

short-term optimization problem, then the

sequence of probability measures µn = 1
n(δx1+

· · · + δxn) has infinitely many cluster points

in the weak* sense.

• No sequence Σ′
n of optimal solutions for

the short-term problem has the Lebesgue

measure as a cluster point in the weak* sense

above.

• lim infn→∞ Sn/Ln > 1; nevertheless, the

values of Sn and of Ln are rather close.
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Figure 1. Plot of sn/ln for the case of uniform density over [0, 1].

Up to choosing a subsequence of n (not relabeled), we can suppose the existence of
two distinct indices j1 and j2 such that for any n (from the chosen subsequence)
we have j[n] != j1, and j[n] != j2. Extracting a further subsequence of n (again not
relabeled), we may assume that maxk′≤n j[k′] ≥ (j1 ∨ j2), and hence the number of
points of Σ′

n in the sets Ωj1 and Ωj2 is a power of two. This means that, if we set

µn := µΣ′

kn
and we suppose µn

∗
⇀ µ = L1![0, 1] in the weak∗ sense as n → ∞, we

get

2λ(n,j1,j2) =
µn(Ωj1)

µn(Ωj2)
→ µ(Ωj1)

µ(Ωj2)
= 3j2−j1 ,

where λ(n, j1, j2) is an integer exponent depending only on n, j1 and j2. Yet this
is a contradiction as a sequence of powers of two can converge only to 0, +∞ or a
power of two. "

The above theorem gives a rigorous formulation of the insight of the authors
of [15] who noticed that a short-term strategy in the above one-dimensional sit-
uation, compared to other allocation policies, induces “a more uniformly spaced
allocation yet not completely uniform”.

Corollary 4.11. One has

1 < lim inf
n→∞

sn/ln < lim sup
n→∞

sn/ln,

if ν is the uniform measure over [0, 1].

Proof. The second inequality is just the reformulation of the first claim of Theo-
rem 4.9 minding Corollary 2.2. To prove the first inequality, note that sn ≥ ln,
while, should the above lim inf be equal to one, we could build a subsequence
{Σ′

kn
} of solutions to short-term Problem 1.2 such that the respective sequence of

measures {µΣ′

kn
} is asymptotically optimal for the sequence of functionals {Fkn

}n

defined by (2.2). From general results in Γ−convergence theory we would obtain

µΣkn

∗
⇀ µ̄ in the weak∗ sense as n → ∞, where µ̄ is the limit measure for the

long-term Problem 1.1, i.e. the Lebesgue measure over [0, 1], which contradicts
Theorem 4.10. "

5. Concluding remarks and open problems

We conclude the paper by a list of remarks and open problems regarding the
model studied in this paper, which we consider to be interesting for further study.

Plot of Sn/Ln for Ω = [0,1] and n ≤ 106.
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We were unable to obtain similar results in

dimension 2; up to now we have only ques-

tions.

• Does the limit Sn/Ln exist?

• Do we still have lim infn→∞ Sn/Ln > 1 ?

• Is the Lebesgue measure attainable by a

(sub)sequence of optimal Σ′
n ?

• Is there a characterization of all measures

that can be attained by a (sub)sequence of

optimal Σ′
n ?
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14 A. BRANCOLINI, G. BUTTAZZO, F. SANTAMBROGIO, AND E. STEPANOV

Question I. It seems interesting to understand whether the phenomena stud-
ied in Section 4 (e.g. non existence of the limit of sn/ln, the fact that the re-
spective lim inf is strictly greater than one, non-uniqueness of the limit measures
for the short-term location problem etc.) for the case ν = L1![0, 1] occur in the
case of generic measure ν in one-dimensional case d = 1. Further, it seems to
be important for applications to obtain sharp estimates on lim infn→∞ sn/ln and
lim supn→∞ sn/ln even for the uniform measure ν (in the latter case, the numerical
computation provided in this paper (Figure 1) suggests that both limits are close
to 1, so that, in practice, one could assume that asymptotically the value of the
functional in the short-term problem is almost the same as in the long-term one,
which would give a rigorous statement of the idea first suggested in [15]) and to
characterize completely the limit measures of the short-term problem.

Question II. In the case of the generic space dimension d > 1 we are able to
prove only the asymptotic order estimate of the value of the functional in the short-
term problem. It seems therefore important to study the above posed problems
for generic space dimension even in the simplest case when, say, ν is the uniform
measure on the unit ball or on the unit square. Figure 2 shows what one can expect
about the behavior of sn in the case of a uniform density on a unit square (for conve-
nience, the normalized values sn/l∞n are provided, where l∞n := n−1/dθ2‖f‖d/(d+1)

stands for the asymptotical value of the long-term minima according to Theo-
rem 2.1), while Figure 3 shows how the distribution of points in this case looks
like. Both figures are obtained by a numerical calculation on a uniform 200 × 200
grid. More results of numerical computations for the short-term optimal location
problem can be fund on the web page [18].
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Figure 2. Plot of sn/l∞n for the case of a uniform density on a unit square

Question III. At last, it is natural to mention here a similar problem intro-
duced in [5] and sometimes called irrigation problem (see [4, 6, 7, 12, 13, 14]) on
minimization of the average distance functional but over compact connected sets of
finite length rather than over discrete sets of points like in this paper. The state-
ment of such a problem is obtained by replacing the constraint on cardinality #Σ
of the unknown minimizer Σ in the location problem by the similar constraint on
the one-dimensional Hausdorff measure H1(Σ). The problem is therefore that of
finding a minimizer of the cost F : Σ #→ ∫

Ω dist (x,Σ) dν(x) over all compact and
connected sets Σ ⊂ Ω̄ satisfying H1(Σ) ≤ l with given l > 0. This problem, which

Plot of Sn/Ln for Ω = [0,1]× [0,1] and n ≤ 103.
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Figure 3. Short-term location for the case of a uniform density
on a unit square of (left) the first 9 points (right) 1000 points.

again can be interpreted as the long-term one, admits also a natural short-term
approach. Namely, by letting the parameter l increase, we would like to find an irri-
gation set Σ which increases continuously with l, in such a way that the functional
F decreases as fast as possible. This construction may be made rigorous through
a slight modification of the well-known method of minimizing movements (see for
instance [1, 2] for the presentation of the theory). Namely, fixed an arbitrary time
step τ > 0, we minimize the functional Σ !→ F (Σ) + H1(Σ \ Στ

k)2/2τ over the set
of all connected compact subsets of Ω satisfying the constraint Στ

k+1 ⊃ Στ
k, where

Στ
0 := ∅ (alternatively, one could drop the H1−penalization term in the above func-

tional and add the additional constraint H1(Σk+1) ≤ H1(Στ
k) + τ instead). Let

then t !→ Στ (t) be the piecewise constant map defined by

Στ (t) := Στ
k for t ∈ [kτ, (k + 1)τ [.

One should first study whether in this way one can find a well-defined increasing
evolution Σ(t) as a limit (in the Hausdorff topology) of Στ (t) as τ → 0. Further,
several questions then arise about the behavior of Σ(t). For instance, it has been
proven in [6, 7, 13, 14] that the solutions of the long-term irrigation problem under
suitable conditions on problem data do not contain loops, have a finite number of
endpoints and may have only regular tripods (i.e. triple junctions with the branches
with infinitesimal angles 120◦ between each other) as branching points, which are
at most finite in number. It is interesting to verify whether the same or similar
properties hold also for solutions of the short-term problem Σ(t) for all (or for
some) t ∈ R+, or whether such solutions are just simple curves without branching
points. Besides, one is also interested in the asymptotic density of the curve Σ(t)
(i.e. the weak∗ limits of the measures H1!Σ(t)/H1(Σ(t)) as t → ∞), which for the
long-term irrigation problem was studied in [11].
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Plot of Σ′
n for n = 9 (left) and n = 1000 (right).
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Further questions

A similar approach short-term versus long-

term optimization could be done for the so-

called irrigation problem where the location

of n points is replaced by the location of a

connected one-dimensional set of length `.

The long-term analysis of the irrigation prob-

lem has been made by S.Mosconi and P.Tilli

who proved the following facts.
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• L` ≈ `1/(1−d) as ` → +∞;

• `1/(d−1)F` → Cd

∫
Ω

µ1/(1−d)f(x) dx as ` →
+∞, in the sense of Γ-convergence, where
the limit functional is defined on probability
measures;

• µopt = Kdf
(d−1)/d hence the optimal con-

figurations Σn are asymptotically distributed
in Ω as f(d−1)/d and not as f (for instance
as f1/2 in dimension two).

• in dimension two the optimal configuration
approaches the one given by many parallel
segments (at the same distance) connected
by one segment.
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Asymptotic long-term irrigation in dimension two.
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The short-term setting for the irrigation prob-
lem can be made rigorous through a slight
modification of the well-known method of
the De Giorgi minimizing movements (see
for instance [Ambrosio-Gigli-Savaré]) which
amounts to the following.

Fixed an arbitrary time step τ > 0, we start
by setting Στ

0 = ∅ and by defining Στ
k+1 as

a minimizer of F (Σ) among all connected
compact subsets of Ω satisfying the con-
straints

Στ
k+1 ⊃ Στ

k and H1(Σk+1) ≤ H1(Στ
k) + τ.
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Let then t 7→ Στ(t) be the piecewise constant

map defined by

Στ(t) = Στ
k for t ∈ [kτ, (k + 1)τ [.

Several questions then about the behavior of

Στ(t) arise.

• Study whether in this way one can find a

well-defined increasing evolution Σ(t) as a

limit (in the Hausdorff topology) of Στ(t) as

τ → 0.
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• Verify whether the quasistatic evolution

Σ(t) is made of just simple curves without

any branching point.

• Study, as for the location problem, the

asymptotic density of Σ(t), i.e. the weak∗

limits of the measures H1bΣ(t)/H1(Σ(t)) as

t → ∞). In particular, the questions sim-

ilar to (A) about the asymptotic order of

F (Σ(t)) as t → ∞, to (B) about the pre-

cise asymptotic estimates, and (C) about

the asymptotic behavior of minimizers, are

of interest.
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The results presented here can be found on

A. BRANCOLINI, G. BUTTAZZO, F. SAN-

TAMBROGIO, E. STEPANOV: Long-term

planning versus short-term planning in the

asymptotical location problem. Preprint

available at the preprint server of our re-

search group:

http://cvgmt.sns.it
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