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pradicslopes of modularforms
p-adic slopes of modular forms

o Fix a prime p > 5 and a positive integer N that is prime to p.

@ Let v,(-) be the p-adic valuation of C, normalized by v,(p) = 1 and
|- |, = p~"") be the corresponding p-adic norm.

e For every integer k > 2, let S(I'; (N), Q,) be the space of cuspforms of weight k
and level I'| (N). For a normalized Hecke eigenform f € Si(T'; (N), Q,) with
g-expansion f = > a,q", its p-adic slope is defined to be the number v, (a, ).

n>1
@ Motivations to study p-adic slopes of modular forms:
@ computational perspective: Gouvéa conjecture, Gouvéa-Mazur conjecture;
© automorphic perspective: geometry of eigencurves (finiteness of irreducible
components, spectral halo conjecture etc.);
@ Galois perspective: study of the (crystalline) deformation of the local residual
Galois representation p : Gal(Q,/Q,) — GLa(F,).
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Preliminaries |

o Let A=Fandw: A — Z be the Teichmiiller character. We identify A with
the torsion subgroup of Z via w. Fix a topological generator 7 = exp(p) of
1+ pZ,.

e For every character € : A — 7, let W, be the rigid analytic space
parametrizing continuous p-adic valued characters « : Z,* — C,* such that
k|a = e. For such a k, we define its coordinate on W, to be

we = k() — 1.
e Every integer k > 2 gives rise to a classical p-adic weight . : z — z¥~2 with
coordinate wy, = exp(p(k — 2)) — 1.
e SetT' = T';(N)NTy(p). For every p-adic weight x, let S| (T') be the sapce of

overconvergent cuspforms of weight x and level I', equipped with a compact
operator U,. By a theorem of Coleman, we have

Sk(T', Q) = Sf(I)Ur—slopei—1

So it suffices to determine the ‘overconvergent slopes’, i.e. the p-adic valuations
of U,-eigenvalues in the space Sz (I"), or equivalently, to determine the Newton
polygon of the characteristic power series of the U,-operator on S}: (1.
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ghost conjecture of Bergdall-Pollack
Preliminaries 11

Let Gg = Gal(Q/Q) be the Galois group of Q, Gg, = Gal(Q,/Q,) be its
p-decomposition group and I, C Gg, be the inertia subgroup. Let
w1 : Gg — F* be the mod p cyclotomic character.

Fix a continuous irreducible residual Galois representation 7 : Gg — GL,(IF,)
that is modular of level N. Assume that the restriction ?|G@,, is reducible and
satisfies a certain generic assumption.

Let b be the unique integer in {2, ..., p} such that det(7)];, = w?~'. Set

e(b) =wh 2 A= 7.

For every p-adic weight k € W, (), let S! (F) be the F-isotypic component of the
space S|, (T"). It is stable under the U,-operator and let

|1@p

Cr(wi, 1) = det(1 — tUp|sL(7))

be the characteristic power series of U, on S}, (7).
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ghost conjctreof Bergdal-Pollck
Statement of the conjecture

@ Bergdall and Pollack constructed a formal series Gz(w, t) € Z,[w, 1] (called the
ghost series), which only depends on the dimensions of certain subspaces of
classical modular forms. This series will serve as a ‘model’ of the characteristic
power series of the U,-operator.

Ghost conjecture of Bergdall-Pollack

For every p-adic weight x € W, (), the Newton polygon of G;(wy, t) coincides with
the Newton polygon of C;(w, 7).

@ The assumption that ?‘G@p is reducible is crucial. The conjecture is false without
this assumption.

@ We will formulate a local version of ghost conjecture and prove it under mild
assumptions.
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Local ghost conjecture Abstract automorphic forms

Set up

e Let E/Q, be a finite extension with integer ring O, a uniformizer w and residue

field F.
@ Define the following subgroups of GL,(Q),):

X
K, := GL,(Z,) D Iw, := (Zp Zp) S Twy s (1 +pZ, 7, )

pLy Ly pZ, 1+ pZ,

e Fix a reducible nonsplit residual Galois representation p : Iy, — GL(IF):

a+b+1

ﬁfv(wlo *Zj’o) forl<a<p—4and0<b<p-—2.
1

Let 0, = Sym'F®? ® det” be the Serre weight of p, considered as a right
[F-representation of GL,(F,) (the transpose of the usual left representation).
Denote by Proj, , the projective envelope of o, in the category of (right)
F[GL,(F,)]-module.
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Local ghost conjecture Abstract automorphic forms

Augmented modules

@ An O[K,]-projective augmented module Hisa finitely generated right
projective O[K,]-module equipped with an right O[GL>(Q,)]-module structure
such that the two induced O[ »]-structures on H coincide. We say that His of
type p with multiplicity m( H) if

o (Serre weight) H := H/(w, Ti4pM,(z,)) is isomorphic to a direct sum of m(H)
copies of Proj, ,, as aright F{GL»(F,)|-module, where 114 m,(z,) is the
augmentation ideal of O[1 + pMz(Z,)].

We say H is primitive if m(H) = 1.

o H naturally appears in the complete homology groups of certain Shimura
varieties. Fix an absolutely irreducible residual Galois representation
7 : Gg — GL,(F) such that 7|y, = p. Fix a neat tame level K” C GL(Af). For
an open compact subgroup K C GL,(Ay), write Y(K) for the corresponding
open modular curve over Q. The 7-localized completed homology with tame
level K? defined by

H(K" ), = lim HE (¥ (KP(1+ p"Ma(Z,))) o, O) .
m

my

is an O[K, ]-projective augmented module.
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Local ghost conjecture Abstract automorphic forms

Abstract classical forms [

@ We will define various spaces of automorphic forms in our abstract setting that
are analogues of notions in modular forms.

modular forms abstract automorphic forms
Sk(T'1(N), Qy)s Si'(e1)
Sk(T1(N) NTo(p), Qy)r S (¥)
SIIT1(N) NTo(p), Q,)r Si()
family of overconvergent modular forms st(e)
family of p-adic modular forms S[(fa)dic

o Fix acharacter ¢ = ) X & = w™"? x w*™ 0 . A2 — 7.¢ for some
s€{0,....p—2}.

@ For a € Z,, let & be its mod p reduction. We view ¢ as a character of Iw,, via the

formula B
((57)) ==@6). (35) € w,.
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Local ghost conjecture Abstract automorphic forms

Abstract classical forms 11

e For every integer k > 2, let O[z]<¥=2 denote the space of polynomials in O of
degree < k — 2. It carries an action of the monoid M, (Z,)4¢t79:

hl(: g)(Z) = (*yz—}&)k_zh(jii?), for (: ’g) S Mg(Zp>.

o We define the space of abstract classical forms of weight k and character
1 =¢e- (1 x w> ) to be the space

St (¥) := Homop,) (H, O 2 ® ).

o Fix a decomposition of the double coset Iw, (7 10w, = H§;=—01 vilw, with

vi=( 1’;1 9). Define the U,-operator on the spaces S;*(¢) by the formula
= Z @(xv;)],-1 forallx € Hand ¢ € S}V (¢).
N 7
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Local ghost conjecture Abstract automorphic forms

Abstract classical forms 111

e For k > 2 satisfying k = 2 4+ a + 2s mod (p — 1), the character
Y =¢e- (1 x w* ) is of the form ¢) = £ x g; with e; = w™**?. Define the
space of abstract classical forms with K,-level of weight k and central character
£1 to be

Si'(e1) := Hompg | (ﬁ, Ol]5*? ®ej odet).

classical modular forms abstract automorphic forms

Sk(rl(N)7@p)? Szr(gl) = HomO[Kp] (ﬁ’ O[Z]gk—z Qe 0 det)
ST (N) NTo(p), Q) | SP(v) = Homoy,) (H, O[] 552 @ 4)
ST (N) NTo(p), Qy)r ?
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Local ghost conjecture Abstract automorphic forms

Abstract automorphic forms I

Let C°(Z,; O[w]) denotes the space of continuous functions on Z, with values in
O[w].

We can define right actions of the monoid
M, = {(25) € Ma(Z,); ply, p1 6, ad — By # 0}.

on C°(Z,; O[w]) and the Tate algebra O(w/p)(z). When endowed with such an
action, these spaces will be denoted by C°(Z,; O[w](®)) and O(w/p)(®) (z).

We define the space of abstract p-adic forms and the space of family of abstract
overconvergent forms to be

S e 7= Homop, (H, C°(2Z,: 0[w])),
ghe) .— Homojry,) (H, O(w/p)©(2)).

We can define U,-operator on these spaces by the same formula as on S,IcW (¥).
For any k > 2, we have an M-equivariant inclusion

O[Z]Skiz ® 1/’ — O<W/p> © <Z> ®O<W/p),wn—>wk @

and a similar inclusion for C°(Z,; O[w] ().
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Local ghost conjecture Abstract automorphic forms

Abstract automorphic forms II

o For every integer k, we define the space of abstract overconvergent forms of
weight k and character 1) = ¢ - (1 x w?~*) by evaluating ST-() at
w = wy :=exp((k —2)p) — 1:

S;i(ﬁb) = ST’(E) ®(9(w/p),w>—>wk 0.

e When k > 2, we have a U,-equivariant inclusion S[* (¢)) — ST(q/J)

@ The characteristic power series of the U,-action on ST(®) and S°)

p-adic are
well-defined and are equal; we denote it by

C (w,1) Zc(s) )¢ e Ofw, 1].

n>0

o For any integer k, the evaluation C(®) (wy, t) € O[] is the characteristic power
series of Uy,-operator on S;tW)-
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Local ghost conjecture Abstract automorphic forms

A digestion of notations

modular forms abstract automorphic forms
Sk(T'1(N), Q) S¥'(e1) = Homojk,) (H, Ofz]F2 @ 1 o det)
Sk(T1(N) NTo(p), Qy)r Sk (¢) = Homoyy,) (H, O[]5F2 @ v)
SI(T1(N) NTo(p), Qp)r SEW) = ST @0 (u/p) s O
family of overconvergent modular forms shie) = Homory,) (ﬁ, O(w/p)® (z)
family of p-adic modular forms S;i)dic = Homoys,| (H, C°(Z,; O[w]©)))
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Local ghost conjecture Construction of local ghost series

Local ghost series I

@ From now on, we assume that H is primitive.

o For every integer k > 2, we set
d* (1)) := rankoS;" ().
Fork=2+a+2smod (p — 1), we set
di"(e1) == rankoS}'(e1) and  di(ey) == d¥ (&) — 2d"(21)

We know that di°¥ (e ) is always an even integer.

@ Fork =2+ a+ 2smod (p — 1), we define a sequence (m;, (€ )( k))n>1 of integers
as

0,...,0,1,2,3,..., 3™ (e)— 1, 3di* (e1), 3dp™ (1) — ,3,2,1,0,0,.
N——
(1)
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Local ghost conjecture Construction of local ghost series

Local ghost series 11

Wit *;eo

0 ~
residual representatlon witha e {1,...,p—4}andb € {0,...,p —2}. LetH
be a primitive O[K, ]-projective augmented module of type p.

o Letp= ( ) Iy, — GL,(FF) be a reducible, nonsplit, and generic

o Fix a character ¢ = w ™% x w*™*t : A? — 7.X as before. Define the ghost
series of type p to be the formal power series

GO (w,1) = G (w,1) —1—|—Zg(€) )" € Z,wl[1] € Ow, 1],

n=1

where each coefficient g( )( ) is a product

P m()
g\ (w) = [ (w—we)""® € Z,[w]
k>2
k=24a+2s mod p—1

o We call wy = exp(p(k — 2)) — 1 a ghost zero of g\ (w) and the integer m\) (k)

its ghost multiplicity.
July8,2024  15/32



Local ghost conjecture Main result

Local ghost conjecture

Local ghost conjecture
Wi w0

0 wi’
representation witha € {1,...,p —4} and b € {0,...,p — 2}. Let H be a primitive
O[K,]-projective augmented module of type p. Let C (#) (w, 1) be the characteristic
power series of U,-operator and G'®) (w, t) be the ghost series for H defined before.
Then for every w, € mg,, we have NP(G(®)(w,, —)) = NP(C®) (w,, —)).

Letp = : Iy, — GL,(FF) be a reducible, nonsplit, and generic residual
Q

Theorem (Liu-Truong-Xiao-Z.)

The local ghost conjecture holds whenp > 11 and2 < a <p — 5.

y

From now on, we assume that » = 0 and the matrix (’6 2) acts trivially on H. We will
fix a character € : A — ZPX and suppress it from notations.
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L COVRTEIVETRGEVEIE - Ghost zeroes and ghost multiplicities

Intuition on ghost zeroes

o Letf € Si(I'o(Np), Q,) be a normalized Hecke eigenform. We have the

following facts about the slopes of classical modular forms:

@ Whenf is new at p, we have aﬁ = p*~% and hence f has slope %,

@ The other U,-eigenvalues in S¢(I'o(Np), Q,) come in pairs: for a normalized
eigenform g € Sg(To(N), Q,) with T,-eigenvalue a,, it has two p-stabilizations
Ja(z) =f(2) = Bf(p2). f3(2) = f(z) — af (pz) in Se(L'o(Np), Q) with
U,-eigenvalues c and 3, where «, § are the roots of X*> — a,X + p*~'. So the slopes
of these two p-old forms sum to k — 1. In particular, v,(a,) can usually be read off
from v, () and v, (5).

@ The slopes of p-oldforms behave very different from those of p-newforms. Let
f € Se(Lo(N), Q)7 with [y, = p be a eigenform with 7),-eigenvalue aj,.
Berger-Li-Zhu proved that v, (a,) < L;‘fﬂ (conjecturally this can be
strengthened to | 72 ).

P
@ The Newton polygon of U, operator on S¢(T'o(Np), Q,)- should have a line
segment of length d}*" and slope “52. In particular, the point (i, v,(c;(wx))) is

not a vertex of NP(C(wk, ), for i z =d+1,...,d" +d;® — 1. These integers
i’s are exactly those integers with the property g;(wy) = 0.
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Proof of the main theorem

o ar dy + iV g™ x

Newton polygon of C(wy, —)
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Ghostzerocsand ghos muliplicies
Power basis of abstract automorphic forms

e His free of rank 2 as an O[Iw,,1]-module. There exists a basis {e;, e;} of H
such that (% g) C Iw,, acts on them via the characters 1 X w* and w® x 1 and
ei(g (l)) =e3_;fori=1,2.

e Fori=1,2and h(z) € O(w/p)(z), we use e h(z) to denote the element in

$H®) = Homopy, ) (H, O(w/p)(z)) which sends ; to (z) and e3_; to 0.
@ We have a basis of the space ST() as well as the space S,JI (¢) for every k € Z:

— €) .__ * *_p—14s . x_{a+s * _p—1+{a+s
B =B®) .= {elzx,elzp ,...,ezz{ },ezzp { },...}.

It is called the power basis of the above spaces. When k > 2, the subsequence By
consisting of terms whose power in z is less than or equal to k — 2 forms a basis
of S}¥ (5 (1 x w?k )) We order the elements in B with increasing degrees on z.

@ The rank d}¥(¢) := rankoS}¥ (1)) can be computed from the above expression
forallk > 2. Fork =2+ a+ 2s mod (p — 1), the rank d}"(¢,) = rankpS}" (1)
can be computed using representation theory of GL,(F,).
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L COVRTEIVETRGEVEIE - Ghost zeroes and ghost multiplicities

Atkin-Lehner involution

o Fork=2+a+2smod (p—1),write §; = ¢ x &1 = ¢+ (1 x w?*). We have a
well-defined Atkin-Lehner involution on the space of classical automorphic
forms S} (£,) = Homoyy,j (H, O] 2 © &)):

ALz : S (€1) > SV (€1)

—1

pr———= (AL (9) 1 x = p(x(97, ))|(25) )

o Let B, = {e;,... e} be the power basis of Si¥(1). The degree of an element
e; is the exponent of z in e;.

o Let Ly € My (O) be the matrix of the map AL s, under the basis Bi. Then

0 .. 0 pdeg el
0 <. plese 0
Li={ o ... o 0
deg ed}(w 0 0
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L COVRTEIVETRGEVEIE - Ghost zeroes and ghost multiplicities

p-stabilization of abstract classical forms I

We define the following four maps

Si(e1) = Hompk (ﬁ, Ol ?® 51)

L < L2 < ’>projz proj,

Si¥(€1) = Homojy, ] (ﬁ, Ol ®e)
given by, for ¢ € Si"(g1), p € SIV(£1), and x € H,

J

n(@) =90, poi(@)x) = >, el

12(9)(x) = ALk ) (11(9)) (x), proj, () (x) = proj; (AL z,) () (x)-

Hereu; = (;{) forj=0,...,p— landu, = (9}) form a set of coset
representatives of Iw,\K,.
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L COVRTEIVETRGEVEIE - Ghost zeroes and ghost multiplicities

p-stabilization of abstract classical forms II

@ For classical modular forms, we have the stabilization maps
Sk(To(N)) = Sk(To(Np)), f(z) = f(z) and f(z) + f(pz). The two embeddings
L1yt 1 Si(e1) — SLY(&)) are their analogues in our abstract context.

o The KEY equality is:

U, = t20proj; — ALz, : Si¥(E1) = SY(€1).

rank<d}' antidiagonal

The matrix U of the U,-operator on S[¥(£/) with respect to the power basis By
is the sum of the anti-diagonal matrix —L; and a matrix with rank < d}".

Rank of upper leftn x n
== submatrix of UM is
< n—my,(k)
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L COVRTEIVETRGEVEIE - Ghost zeroes and ghost multiplicities

p-stabilization of abstract classical forms III

o Let UT € M (O(w/p)) be the matrix of U,-operator on ST with respect to the
power basis B. The upper left d™ x di submatrix of U'|,,—,, is UL".

@ The determinant of upper left n x n submatrix of UT has zero of multiplicity
my, (k) at w = wy.

@ The matrix UT € M, (O(w/p)) has a (row) Hodge bound so that one should
expect
cu(w) = det (upper-left n x n minor of UT).

o In summary it is natural to expect ¢, (w) = g,(w).
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Propericsofghost seris
Properties of ghost series

@ When studying the local conjecture, it is natural and necessary to consider the
following equation:
given w, € mg, and a positive integer n, how can we determine whether the
point (n,v,(g,(w4))) is a vertex of the Newton polygon NP(G(w,, —))?

@ Whenk =2+ a+2smod (p— 1) and m,(k) # 0, it is clear that (n,v,(g,(wx)))
is not a vertex. The intuition is that when w, is sufficiently p-adically close to
such a wy, then (n,v,(g,(w,))) cannot be a vertex either.

o Fixk =2+ a+2smod (p — 1). Write g, ;(w) := g,(w)/(w — wi)™®. Set

e = A = (@i i) = 520 for £ = —3di, . L.
Let A, = A,(f) denote the convex hull of the points (¢, A} ,) for
{ = —%d,‘j"’w,. .. ,%d}(‘ew, and let (¢, Ay ¢) denote the corresponding points on A,.
@ We have the ghost duality equalities

Ay=0L, and A=A, foralll = —3di™, ... 3di.

1
)
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JGIRVRTEIVETRTSOWC I Properties of ghost series

near Steinberg range |

@ Fork=2+a+2smod (p — 1) and w, € mc,, let L,,, x denote the largest
number (if it exists) in {1,. .., %d}gew} such that

Vp(Wa —wi) > Axr,, o — Ai

Ly, x—1-

When such L,,, ; exists, we call the interval
nSy, k= (34 — Ly, k 2d + Ly, )

the near Steinberg range for (w,, k).
e For a positive integer n, we say that (w,, n) is near-Steinberg if n belongs to the
near-Steinberg range nS,,, ; for some k.
Proposition

For every n € N, the point (n,v,(g,(wy))) is a vertex of NP(G(w, —)) if and only if
(Wy, n) is not near-Steinberg.
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near Steinberg range II

y
I
1 ! Vp(Wie — wg) > Ak’%dzew — Ak’%dzewq
I
I
I
T | : V‘,,(W* — Wk) 2 Ak-,%élfmf| — Ak.,%d;‘““72
I I
I I
I I
1 X L V(W —wy) > Ak’%dzeWJ - Ak’%dimu3
I I
I I
I I
I I
T 1 1
I I
I I
I I
} } t t } } t
T Jur T T ew jlw
O d"d"+1d"+2 di + d}*¥ d} x

Newton polygon of G(w,, —) when w, leaves away from wy
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JGIRVRTEIVETRTSOWC I Properties of ghost series

near Steinberg range III

For a fixed n € N, the set of elements w, € mc, for which (n,v,(g,(w.))) is a vertex

of NP(G(W*, —)) form a quasi-Stein open subset of the weight disk WW(*)

Vix(®) = W\ U {w* €mg,
k

where the union is taken over all k = k. + (p — 1)k, with ke € Z such that
n € (df(e1),d™ (&) — di(e1)), i.e. wy is a ghost zero of g,(w).

Shape of the space Vix(®)
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L CIRVRTEIVETRTEOWC I Lagrange interpolation formula

Lagrange interpolation I

@ The key tool to compare the Newton polygon of the characteristic power series
Z (W)t € Ofw, 1]
n>0
and the ghost series
= aw)t" € Zwl[]
n>0

is Lagrange interpolation formula.
e Fix a positive integer n and a positive integer k = 2 + a 4+ 2s mod (p — 1) with
my(k) > 0, let g, 1 (w) = ga(w)/(w — wi)™® as before. We consider the formal

expansion in E[w — w]:

cn(w) ZA w— wk

gn,k (W i>0

my (k) X
andlet A" (w) = 3 A,(;? (w — wy)' be its truncation up to the term
i=0

(w — wy)™m =1,
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L CIRVRTEIVETRTEOWC I Lagrange interpolation formula

Lagrange interpolation II

Langrange interpolation formula

There exists h,(w) € E{w/p), such that we have an equality in E(w/p):

ealw) = ST (AP W) g, (W) + ha(w) - ga(w).
k=24a+2s mod (p—1)

It is called the Lagrange interpolation of ¢, (w) along g,(w).

The main technical result of our proof is the following:
Proposition

To prove the local ghost conjecture, it suffices to prove that for any positive integer n
and every ghost zero wy of g,(w), we have

vp(A,({','i)) > Ay rpev_i — Allc,%d;ew—m,l(k) for i=0,1,...,m,(k) — 1.
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Lagrange iierpolation formula
Lagrange interpolation II1

aw) = 3 (A7) 8, 0) () - galw).
k=2+4a+2s mod (p—1) o main term
m,,(k);ﬁo error term
@ The estimate vp(A( ) > A Lo A;{ L (1) implies v,,(A,(("i)) > 0. Since
A ;

cn(w) € O[w] and g, (w) € (9[ ], we haveh (w ) € O[w]. We can actually
show h,(w) is a unit in O[w]. Hence v, (h,(w,)) = 1 for all w, € mc,.

o Assuming the estimate in the proposition, we can prove the following facts for
all w, € mg,, every positive integer n and every ghost zero wy of g,(w):

@ The point (n, v, (A" (wx)8,:(w+))) lies on or above the Newton polygon
NP(G(wx, —)); and
© moreover if (n, vp(gn (w*))) is a vertex of NP(G(w,, —)), then
v (AL (092)8,,04)) > v (8n(0)-
The first statement implies that NP(C(wy, —)) always lies on or above
NP(G(wy, —)), while the second statement says that these two polygons meet at
all vertices of NP(G(w,., —)). So the local ghost conjecture follows!
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Ingredients to prove the technical proposition

o Let( = {(i,..-, G} and § = {1, ..., &} be two sets of n positive integers. We

apply the Lagrange interpolation to det(UT (¢ x £)) along g,(w) and we have

det(UNCx )= 3 (A W) - g, 1(0) + hexe(w) - ga(w):
kEkEm rréi)d#(g—l)

We prove a similar estimate:

(CXS))

vp(Ay EFAVEp - A;<7%d;e~v—m,,(k) + 3 (deg(¢) — deg(§)).

e A decomposition UT = T — L; which allows us to express det (UT({ x £)) in

term of determinants of smaller minors;
e A refined halo bound on the infinite matrix UT € M, (O(w/p)).
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Thank you!
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