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Proportional Representation
• Goal: Choose a subset of candidates (“committee”) that is 

“representative” of the preferences of a set of voters.  

• Traditional approaches to achieve PR: 

• partitioning the set of candidates  
 ➜ party-list elections 

• partitioning the set of voters  
 ➜ district-based elections 

• mix of the above



• Goal: Choose a “representative” subset of candidates 
without relying on partitioning voters or candidates. 

• Applications:  
‣ Voting for individuals, not parties 
‣ Elections without parties and districts 
‣ Validator selection in a blockchain 
‣ Participatory Budgeting 
‣ Ranking proposals on online platforms 
‣ …

Proportional Representation



• Apportionment 
• Proportionality Axioms  
‣ ordinal setting: proportionality for solid coalitions  
‣ approval setting: justified representation 

• Proportional Rules 
‣ Thiele’s rule and Phragmén’s rule 

• Applications 
‣ Blockchain; Digital Democracy; Participatory Budgeting

Outline



Declaration of Independence, by John Trumbull

Apportionment



Apportionment as Baseline
• The apportionment problem is well-studied 

• Prominent apportionment methods:  
Jefferson/D’Hondt, Webster/Sainte-Laguë, Hamilton, … 

• We consider more general settings that have 
apportionment as a special case

apportionment



Axioms



Setting 1:  Ordinal Preferences

• Finite set  of candidates 

• Finite set  of voters;   

• Each voter  submits a rank-order over (a subset of)  

• Task: Select committee   of size .  

• Intuition: each committee seat corresponds to  voters

C
N |N | = n

i ∈ N C
W ⊆ C |W| = k

n/k



Definition: A subset  of voters forms a solid coalition  
over a set  of candidates if  for all . 

N′￼ ⊆ N
C′￼ ⊆ C C′￼ ≻i C∖C′￼ i ∈ N′￼

Proportionality for Solid Coalitions (PSC)

Begin    
Example:  voters 
1:  a ≻ b ≻ c ≻ d ≻ e      
2:  b ≻ c ≻ a ≻ d ≻ e 
3:  c ≻ a ≻ b ≻ d ≻ e 
4:  d ≻ e ≻ c ≻ a ≻ b 
5:  d ≻ e ≻ c ≻ b ≻ a 
6:  e ≻ d ≻ c ≻ b ≻ a 

end

n = 6 Sir Michael Dummett 

(1925—2011)



Definition: A committee  satisfies PSC if for any solid coalition  
over  with   it holds that .

W N′￼

C′￼ |N′￼| ≥ ℓ
n
k

|C′￼∩ W| ≥ min (|C′￼|, ℓ)

Proportionality for Solid Coalitions (PSC)

     

Example:  voters,    
1:  a ≻ b ≻ c ≻ d ≻ e      
2:  b ≻ c ≻ a ≻ d ≻ e 
3:  c ≻ a ≻ b ≻ d ≻ e 
4:  d ≻ e ≻ c ≻ a ≻ b 
5:  d ≻ e ≻ c ≻ b ≻ a 
6:  e ≻ d ≻ c ≻ b ≻ a 

end

n = 6 k = 4

at least 2 of a,b,c need to be selected
ℓ = 2

both d and e need to be selected
ℓ = 2



Setting 2:  Approval Preferences

• Finite set  of candidates 

• Finite set  of voters 

• Each voter  has an 
approval set  

• Task: Select committee 
 of size . 

C

N

i ∈ N
Ai ⊆ C

W ⊆ C |W | = k

Rules: Proportional Approval Voting (PAV), Phragmén’s rules, Method of Equal Shares, …



Why not simply count approvals?

Begin    
Example: ,    
5 x { a, b, c }          
4 x { x, y, z } 
end

n = 9 k = 3

Multiwinner Approval Voting: 
Select the  candidates with 
highest approval scores. 

k

Begin    
Example: ,    
5 x { a, b, c }          
4 x { r, s, t } 
3 x { x, y, z } 
end

n = 9 k = 3



Cohesive Groups
Definition: A group  is -cohesive if  and . N′￼ ⊆ N ℓ |N′￼| ≥ ℓ

n
k

| ⋂
i∈N′￼

Ai| ≥ ℓ

Begin    
Example:  voters,    
1:  { a, b, c }       
2:  { b, c, d }   
3:  { b, c, e }    
4:  { x, y, z }  
5:  { x, y, z }  
6:  { x, y, z }  
end

n = 6 k = 4

-cohesive group2

-cohesive group2



What do Cohesive Groups Deserve? 
Definition: A group  is -cohesive if  and .  

First attempt: For each -cohesive group , the committee needs 
to contain at least  candidates from  , i.e.,  . 

This is too demanding:

N′￼ ⊆ N ℓ |N′￼| ≥ ℓ
n
k

| ⋂
i∈N′￼

Ai| ≥ ℓ

ℓ N′￼ ⊆ N
ℓ ∩i∈N′￼

Ai |W ∩ ⋂
i∈N′￼

Ai| ≥ ℓ
Begin 

Example: ,    
1:  { a }       
2:  { a, b }   
3:     { b, c }    
4:         { c } 

n = 4 k = 2



Justified Representation Axioms
Definition: A committee  satisfies 

• Proportional Justified Representation (PJR) if, for each 
-cohesive group , we have . 

• Extended Justified Representation (EJR) if, for each  
-cohesive group , there is a voter  with 

. 

EJR implies PJR.

W ⊆ C

ℓ N′￼ | ⋃
i∈N′￼

Ai ∩ W| ≥ ℓ

ℓ N′￼ i ∈ N′￼

|Ai ∩ W| ≥ ℓ

Begin    
Example:    
1:  { a, b, c }       
2:  { b, c, d }   
3:  { b, c, e }    
4:  { x, y, z }  
5:  { x, y, z }  
6:  { x, y, z }  

k = 4

{ d, e, x, y }  satisfies  
PJR, but not EJR

H. Aziz, M. Brill, V. Conitzer, E. Elkind, R. Freeman, and T. Walsh. Justified representation in approval-based committee voting. SCW 2016
L. Sánchez-Fernández, E. Elkind, M. Lackner, N. Fernández, J. A. Fisteus, P. Basanta Val, and P. Skowron. Proportional justified representation. AAAI 2017 



Improved Versions of PJR and EJR
In order to address issues with PJR and EJR, we propose stronger 
axioms with computational and other advantages: PJR+ and EJR+. 

M. Brill and J. Peters. Robust and verifiable proportionality  
axioms for multiwinner voting. ACM-EC 2023. 



From Approval Axioms to Ordinal Axioms
Idea:  

• Convert ordinal instance into 
approval instancesm = |C |

     

Example: ,  
1:  a ≻ b ≻ c ≻ d ≻ e ≻ f     
2:  e ≻ b ≻ c ≻ d ≻ f  ≻ a 
3:  d ≻ c ≻ b ≻ f  ≻ a ≻ e 
4:  f  ≻ c ≻ b ≻ d ≻ a ≻ e 

end

n = 4 k = 2
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From Approval Axioms to Ordinal Axioms



Idea:  

• Convert ordinal instance into 
approval instancesm = |C |

     

Example: ,  
1:  a ≻ b ≻ c ≻ d ≻ e ≻ f     
2:  e ≻ b ≻ c ≻ d ≻ f  ≻ a 
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n = 4 k = 2

From Approval Axioms to Ordinal Axioms



Idea:  

• Convert ordinal instance into 
approval instances 

• Require approval-based 
proportionality axiom to hold 
for all those instances

m = |C |

     

Example: ,  
1:  a ≻ b ≻ c ≻ d ≻ e ≻ f     
2:  e ≻ b ≻ c ≻ d ≻ f  ≻ a 
3:  d ≻ c ≻ b ≻ f  ≻ a ≻ e 
4:  f  ≻ c ≻ b ≻ d ≻ a ≻ e 

end

n = 4 k = 2

From Approval Axioms to Ordinal Axioms



Ranked Versions of EJR+ and PJR+
• Definition: Let A be an “approval axiom.”  A committee  

satisfies rank-A if,  for any ,  satisfies A in the 
in approval instance in which every voter approves their top  
candidates. 

• Using this approach, we define a strengthening of PSC that is 
always satisfiable but violated by STV. 

W
r ∈ {1,2,…, m} W

r

M. Brill and J. Peters. Robust and verifiable proportionality axioms for multiwinner voting. ACM-EC 2023. 



Swedish Electoral Reform Commission, by Anton Blomberg (CC BY 3.0 via Commons) 

Proportional Rules



Thiele and Phragmén
• Thiele’s rule (aka Proportional Approval Voting):  

• choose committee maximising , where 

 

• Phragmén’s rule: 
• choose candidates sequentially and let voters “pay” for the 

selection of approved candidates 
• voters start without any money and earn money over time 
• as soon as approvers jointly own $1, they can buy their candidate

∑
i∈N

score(i, W)

score(i, W) = 1 +
1
2

+
1
3

+ . . . +
1

|W ∩ Ai | Thorvald N. Thiele 

(1838—1910)

L. Edvard Phragmén 

(1863–1937)

S. Janson. Phragmén’s and Thiele’s election methods. Technical report, 2016
M. Brill, R. Freeman, S. Janson, and M. Lackner. Phragmén’s voting methods and justified representation. Math Prog, 2024.

EJR+ & PJR+

PJR+



Applications



• Nominated proof-of-stake (NPoS): blockchain community elects 
committee of validators to participate in consensus protocol 

• This is a committee election with  
approval preferences! 
• ~1,000 candidates and >10,000 voters 
• runs every 24 hours  

• Polkadot uses Phragmén’s rule, which satisfies PJR+  
and also limits the overrepresentation of voters

N. Boehmer, M. Brill, A. Cevallos, J. Gehrlein, L. Sánchez-Fernández, and U. Schmidt-Kraepelin.  
Approval-based committee voting in practice: A case study of (over-)representation in the Polkadot blockchain. AAAI 2024.



• LiquidFeedback is a digital democracy platform 
for proposal development and decision making 

• Users can add proposals and approve (“like”) 
proposals of others 

• Proportional rankings represent preferences 
better than simply ranking by approval count  
• Phragmén’s rule produces rankings  

s.t. every prefix satisfies PJR+ 

P. Skowron, M. Lackner, M. Brill, D. Peters, and E. Elkind. Proportional rankings. IJCAI 2017.
J. Israel and M. Brill. Dynamic proportional rankings. IJCAI 2021



Participatory Budgeting
• Democratic innovation that lets 

residents of a city decide on how 
local budget is spent 

• Method of Equal Shares 
satisfies appropriate  
generalization of EJR+ 
• used in practice since 2023

D. Peters, G. Pierczynski, and P. Skowron. Proportional participatory budgeting with additive utilities. NeurIPS 2021.
M. Brill, S. Forster, M. Lackner, J. Maly, and J. Peters. Proportionality in approval-based participatory budgeting. AAAI 2023.

https://equalshares.net/ 



Conclusion
• Proportional representation can be defined and achieved in 

general settings and has many applications beyond elections.  

• Directions for future work 

• Is the core of an approval-based committee election always 
non-empty? Is there a ranking rule that satisfies EJR(+)? 

• Overrepresentation and generalisations of Sainte-Laguë? 

• Are these proportionality axioms too permissive?


