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WHAT IS HIGHER-ORDER FOURIER ANALYSIS?

Certainly some scope for argument!

Studying additive-combinatorial or number-theoretic problems using (gen-
eralised) polynomial phases

Usually involves, implicitly or explicitly, Gowers norms and inverse
theorems for them.

| will be talking mostly about discrete questions and techniques though
techniques (and problems) in ergodic theory form an important part of the
subject.
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(GOWERS NORMS ON G

Let G be a finite abelian group. Mostly we'll talk about the cases
G =Z/NZ and G =Ty for I, some fixed finite field.
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(GOWERS NORMS ON G

Let G be a finite abelian group. Mostly we'll talk about the cases
G =Z/NZ and G =Ty for I, some fixed finite field.

Let f : G — C be a function. Define

Iy := (En,hl,...,hkeG H C"*"f(n +d- Fr))
we{0,1}k

1/2k
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(GOWERS NORMS ON G

Let G be a finite abelian group. Mostly we'll talk about the cases
G =Z/NZ and G =Ty for I, some fixed finite field.

Let f : G — C be a function. Define

= k
HfHUk = (En,hl,...,thG H C|W|f(n + (Ij : h))1/2 N
we{0,1}k

Here C is complex conjugation,

k
lw| = w1 + -+ + wgk, w-ﬁszih;.
i—1
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GOWERS NORMS ON G

Let G be a finite abelian group. Mostly we'll talk about the cases
G =Z/NZ and G =Ty for I, some fixed finite field.

Let f : G — C be a function. Define

Iy := (En,hl,...,hkeG H C"*"f(n +d- Fr))
we{0,1}k

1/2k

Here C is complex conjugation,

k
lw| = w1 + -+ + wgk, w-ﬁszih;.
i—1

1flu2cay = (Enpy b f (n)F(n+ h1)f(n+ h)f(n+ hy + ho)) ™.
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(GOWERS NORMS ON G

HfHU3(G) ::(En,hl,hg,h;,;f(n) f(n + hl)f(n + h2)f(n + h3) X

X f(n + h + hz)f(n + h + h3)f(n + hy + h3)><
1/8

x f(n+ hy + hy + h3))
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HfHU3(G) ::(En,hl,hg,h;,;f(n) f(n + hl)f(n + h2)f(n + h3) X

X f(n + h + hz)f(n + h + h3)f(n + hy + h3)><
1/8

x f(n+ hy + hy + h3))

This is a kind of sum of f over 3-dimensional parallelepipeds.
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(GOWERS NORMS ON G

HfHU3(G) ::(En,hl,hg,h;,;f(n) f(n + hl)f(n + h2)f(n + h3) X

X f(n + h + hz)f(n + h + h3)f(n + hy + h3)><
1/8

x f(n+ hy + hy + h3))
This is a kind of sum of f over 3-dimensional parallelepipeds.
If £(x) = e2™i¢09,
HfH%/kk = Ehl,..,,f,kIl‘3)<e2’T"A"1Afvz"'Afrk<¢’(><)7

where Ap)(x) := P(x) — (x + h).
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GOWERS NORMS ON [N]

If f:[N] — Cis a function, let N be sufficiently large (say
N' = (k + 1)N).

BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND JuLy 2024 5/29



GOWERS NORMS ON [N]

If f:[N] — Cis a function, let N be sufficiently large (say
N' = (k + 1)N).

By abuse of notation consider f as a function f on Z/N'Z. Then define

VFlluezynizy

f oz
1wy 11t lukzynz,)
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GOWERS NORMS ON [N]

If f:[N] — Cis a function, let N be sufficiently large (say
N' = (k + 1)N).

By abuse of notation consider f as a function f on Z/N'Z. Then define

VFlluezynizy

f oz
1wy 11t lukzynz,)

Note that ||f||yxny < 1 for all 1-bounded f (that is, f with |f(x)| <1
pointwise).
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GOWERS NORMS ON [N]

If f:[N] — Cis a function, let N be sufficiently large (say
N' = (k + 1)N).

By abuse of notation consider f as a function f on Z/N'Z. Then define

VFlluezynizy

f oz
1wy 11t lukzynz,)

Note that ||f||yxny < 1 for all 1-bounded f (that is, f with |f(x)| <1
pointwise).

Exercise: If f : [N] — C is 1-bounded and |||« = 1, then f(x) = e>7¢(X)
for some degree (k — 1) polynomial phase ¢ : Z — R/Z.
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MOTIVATION FOR GOWERS NORMS

The primary motivation for considering Gowers norms is that via
‘Generalised von Neumann Theorems’ they control the behaviour of rather
general (‘finite complexity’) types of linear pattern in sets A< G.
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MOTIVATION FOR GOWERS NORMS

The primary motivation for considering Gowers norms is that via
‘Generalised von Neumann Theorems’ they control the behaviour of rather
general (‘finite complexity’) types of linear pattern in sets A< G.

The most prominent example is arithmetic progressions.

THEOREM (GENERALISED VON NEUMANN THEOREM)

Suppose that A < Z/NZ is a set of size aN such that the number of pairs
(x,d) such that x,x +d,...,x + (k —1)d is not within eN? of a* N2,
Then |fa||ys—1 >k €, where fa = 14 — .
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The primary motivation for considering Gowers norms is that via
‘Generalised von Neumann Theorems’ they control the behaviour of rather
general (‘finite complexity’) types of linear pattern in sets A< G.

The most prominent example is arithmetic progressions.

THEOREM (GENERALISED VON NEUMANN THEOREM)

Suppose that A < Z/NZ is a set of size aN such that the number of pairs
(x,d) such that x,x +d,...,x + (k —1)d is not within eN? of a* N2,
Then |fa||ys—1 >k €, where fa = 14 — .

In particular, Gowers norms come up when studying asymptotics for
progressions of primes, or Szemerédi's theorem.
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MOTIVATION FOR GOWERS NORMS

The primary motivation for considering Gowers norms is that via
‘Generalised von Neumann Theorems’ they control the behaviour of rather
general (‘finite complexity’) types of linear pattern in sets A< G.

The most prominent example is arithmetic progressions.

THEOREM (GENERALISED VON NEUMANN THEOREM)

Suppose that A < Z/NZ is a set of size aN such that the number of pairs
(x,d) such that x,x +d,...,x + (k —1)d is not within eN? of a* N2,
Then |fa||ys—1 >k €, where fa = 14 — .

In particular, Gowers norms come up when studying asymptotics for
progressions of primes, or Szemerédi's theorem.

Gowers norms control any ‘finite-complexity’ linear pattern.
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INVERSE THEOREMS

Everything so far is just the Cauchy-Schwarz inequality. To be doing
Higher-Order Fourier Analysis, we need to be linking Gowers norms to
polynomial-type objects via Inverse Theorems.
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BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND JuLy 2024 7/29



INVERSE THEOREMS

Everything so far is just the Cauchy-Schwarz inequality. To be doing
Higher-Order Fourier Analysis, we need to be linking Gowers norms to
polynomial-type objects via Inverse Theorems.

[fllys+1 = 1 if and only if f has some ‘degree s behaviour’.

The U?-norm is the domain of traditional Fourier analysis.

7/29

BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND JuLy 2024 7/



INVERSE THEOREMS

Everything so far is just the Cauchy-Schwarz inequality. To be doing
Higher-Order Fourier Analysis, we need to be linking Gowers norms to
polynomial-type objects via Inverse Theorems.

[fllys+1 = 1 if and only if f has some ‘degree s behaviour’.

The U?-norm is the domain of traditional Fourier analysis.

THEOREM (INVERSE THEOREM FOR THE U?(G)-NORM)

Suppose that f : G — C is a I-bounded function with |f|y2 = 4. Then
there is v € G such that |f(vy)| = 6.
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INVERSE THEOREMS

Everything so far is just the Cauchy-Schwarz inequality. To be doing
Higher-Order Fourier Analysis, we need to be linking Gowers norms to
polynomial-type objects via Inverse Theorems.

[fllys+1 = 1 if and only if f has some ‘degree s behaviour’.

The U?-norm is the domain of traditional Fourier analysis.

THEOREM (INVERSE THEOREM FOR THE U?(G)-NORM)

Suppose that f : G — C is a I-bounded function with |f|y2 = 4. Then
there is v € G such that |f(vy)| = 6.

Here G is the group of characters v : G — C, and

7(9) = BreaF (07 0) = = 3 F(07(x)
|G|xeG
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INVERSE THEOREM FOR THE U?(G)-NORM

Proof: we have

115 = 2 IF)I
Y
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INVERSE THEOREM FOR THE U?(G)-NORM

Proof: we have

1£152 = D IFI*
¥
and Parseval's identity

DIEOP=]fl2< 1.
~
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INVERSE THEOREM FOR THE U?(G)-NORM

Proof: we have

1£152 = D IFI*
¥
and Parseval's identity

DIEOP=]fl2< 1.
~

Therefore

3* <M < sgplf?(v)lzzlf?(v)l2 < sup [ (y)]>.
v v v
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LOCAL U3 INVERSE THEOREM

The modern era started with Gowers's local U3-inverse theorem (1997)
which also introduced fundamental tools such as Balog-Szemerédi—Gowers.
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LOCAL U3 INVERSE THEOREM

The modern era started with Gowers's local U3-inverse theorem (1997)
which also introduced fundamental tools such as Balog-Szemerédi—Gowers.

THEOREM (GOWERS, 1997)
Suppose that f : [N] — C is a 1-bounded function, and |f|ys = .
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LOCAL U3 INVERSE THEOREM

The modern era started with Gowers's local U3-inverse theorem (1997)
which also introduced fundamental tools such as Balog-Szemerédi—Gowers.

THEOREM (GOWERS, 1997)

Suppose that f : [N] — C is a 1-bounded function, and |f|ys = 6. Then
we may partition [N] = J; P; into progressions of the same common
difference and length at least N¥
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LOCAL U3 INVERSE THEOREM

The modern era started with Gowers's local U3-inverse theorem (1997)
which also introduced fundamental tools such as Balog-Szemerédi—Gowers.

THEOREM (GOWERS, 1997)

Suppose that f : [N] — C is a 1-bounded function, and |f|ys = 6. Then
we may partition [N] = J; P; into progressions of the same common
difference and length at least N®, and find quadratic phase functions qj,

such that
Z| 2 f(x)e 2] 5 N. (1)

x€P;

v
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LOCAL U3 INVERSE THEOREM

The modern era started with Gowers's local U3-inverse theorem (1997)
which also introduced fundamental tools such as Balog-Szemerédi—Gowers.

THEOREM (GOWERS, 1997)

Suppose that f : [N] — C is a 1-bounded function, and |f|ys = 6. Then
we may partition [N] = J; P; into progressions of the same common
difference and length at least N®, and find quadratic phase functions qj,

such that
2| 2 f(x)e 2] 5 N. (1)

x€P;

Inequality (1) is not a necessary and sufficient condition for ||f| s ~ 1.
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LOCAL U3 INVERSE THEOREM

The modern era started with Gowers's local U3-inverse theorem (1997)
which also introduced fundamental tools such as Balog-Szemerédi—Gowers.

THEOREM (GOWERS, 1997)

Suppose that f : [N] — C is a 1-bounded function, and |f|ys = 6. Then
we may partition [N] = J; P; into progressions of the same common

difference and length at least N®, and find quadratic phase functions qj,

such that
2| 2 f(x)e 2] %5 N. (1)

x€P;

Inequality (1) is not a necessary and sufficient condition for ||f|ys ~ 1. It
is impossible to check for arithmetic functions such as f = p
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U3 INVERSE THEOREM

Gowers's local U3[N] inverse theorem was made global in by G.—Tao in

2005 and also adapted to finite fields of odd order (and other groups of
odd order).
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U3 INVERSE THEOREM

Gowers's local U3[N] inverse theorem was made global in by G.—Tao in
2005 and also adapted to finite fields of odd order (and other groups of
odd order).

THEOREM (FINITE FIELD U® INVERSE, G.-TA0 2005)
Suppose that p is odd and that f : F}; — C is 1-bounded.
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U3 INVERSE THEOREM

Gowers's local U3[N] inverse theorem was made global in by G.—Tao in
2005 and also adapted to finite fields of odd order (and other groups of
odd order).

THEOREM (FINITE FIELD U? INVERSE, G.-TA0 2005)

Suppose that p is odd and that f : ) — C is 1-bounded. Suppose that
||f\|U3(]Fg) > 0. Then there is some quadratic phase q : F; — ), such that

[Exeryf (x)e2T90P| > 6" = §'(5, p). (2)

v
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U3 INVERSE THEOREM

Gowers's local U3[N] inverse theorem was made global in by G.—Tao in
2005 and also adapted to finite fields of odd order (and other groups of
odd order).

THEOREM (FINITE FIELD U? INVERSE, G.-TA0 2005)

Suppose that p is odd and that f : ) — C is 1-bounded. Suppose that
||f\|U3(]Fg) > 0. Then there is some quadratic phase q : F; — ), such that

[Exeryf (x)e2T90P| > 6" = §'(5, p). (2)

v

Samorodnitsky (2006) handled the case p = 2, which is the one of most
interest in CS.
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U3 INVERSE THEOREM

Gowers's local U3[N] inverse theorem was made global in by G.—Tao in
2005 and also adapted to finite fields of odd order (and other groups of
odd order).

THEOREM (FINITE FIELD U? INVERSE, G.-TA0 2005)

Suppose that p is odd and that f : ) — C is 1-bounded. Suppose that
||f\|U3(]Fg) > 0. Then there is some quadratic phase q : F; — ), such that

[Exeryf (x)e2T90P| > 6" = §'(5, p). (2)

Samorodnitsky (2006) handled the case p = 2, which is the one of most
interest in CS.

Inequality (2) is necessary and sufficient for HfHU3(IFg) ~ 1.
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INSUFFICIENCY OF QUADRATIC PHASES
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INSUFFICIENCY OF QUADRATIC PHASES

For the U3[N]-norm, the most obvious generalisation fails: there exist
1-bounded functions f : [N] — C with | f||ys[y; ~ 1 which do not

correlate with any quadratic phase e2mia(x),
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For the U3[N]-norm, the most obvious generalisation fails: there exist
1-bounded functions f : [N] — C with | f||ys[y; ~ 1 which do not

correlate with any quadratic phase e2mia(x),

An example is a bracket quadratic phase f(n) = e?™@nlAn! for suitable
a, B eR.
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For the U3[N]-norm, the most obvious generalisation fails: there exist
1-bounded functions f : [N] — C with | f||ys[y; ~ 1 which do not

correlate with any quadratic phase e2mia(x),

An example is a bracket quadratic phase f(n) = e?™@nlAn! for suitable
a, B eR.

G.—Tao (2005) showed that such phases are enough:
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INSUFFICIENCY OF QUADRATIC PHASES

For the U3[N]-norm, the most obvious generalisation fails: there exist
1-bounded functions f : [N] — C with | f||ys[y; ~ 1 which do not

correlate with any quadratic phase e2mia(x),

An example is a bracket quadratic phase f(n) = e?™@nlAn! for suitable
a, B eR.

G.—Tao (2005) showed that such phases are enough:

THEOREM (G.-TA0 2005)
Suppose that f : [N] — C is 1-bounded and that | ys;n; = 0.
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INSUFFICIENCY OF QUADRATIC PHASES

For the U3[N]-norm, the most obvious generalisation fails: there exist
1-bounded functions f : [N] — C with | f||ys[y; ~ 1 which do not

correlate with any quadratic phase e2mia(x),

An example is a bracket quadratic phase f(n) = e?™@nlAn! for suitable
a, B eR.

G.—Tao (2005) showed that such phases are enough:

THEOREM (G.-TA0 2005)

Suppose that f : [N] — C is 1-bounded and that || sy = 0. Then

there is a bracket quadratic phase q(n) = Zszl ajn|Bjn| + 6n? + 6'n,

K = 05(1), such that |Epepif(n)e2™a(0| > 6" = §'(6).
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INSUFFICIENCY OF QUADRATIC PHASES

For the U3[N]-norm, the most obvious generalisation fails: there exist
1-bounded functions f : [N] — C with | f||ys[y; ~ 1 which do not

correlate with any quadratic phase e2mia(x),

An example is a bracket quadratic phase f(n) = e?™@nlAn! for suitable
a, B eR.

G.—Tao (2005) showed that such phases are enough:

THEOREM (G.-TA0 2005)

Suppose that f : [N] — C is 1-bounded and that || sy = 0. Then

there is a bracket quadratic phase q(n) = ZJK:1 ajn|Bjn| + 6n? + 6'n,

K = 05(1), such that |Epepif(n)e2™a(0| > 6" = §'(6).

Conversely, if this holds then | f| sy = 1.
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NILSEQUENCES

Bracket polynomials can be very difficult to work with.
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Bracket polynomials can be very difficult to work with.

It has long been known (particularly due to work of Bergelson and
Leibman) that there is a close link between bracket polynomials and
nilpotent groups.
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NILSEQUENCES

Bracket polynomials can be very difficult to work with.

It has long been known (particularly due to work of Bergelson and
Leibman) that there is a close link between bracket polynomials and
nilpotent groups.

Consider LER oy
G:<01R>, F:<01Z>
001 001

BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND JULY 2024



NILSEQUENCES

Bracket polynomials can be very difficult to work with.

It has long been known (particularly due to work of Bergelson and
Leibman) that there is a close link between bracket polynomials and
nilpotent groups.

Consider LER 22
G:<01R>, F:<01Z>
001 001

The quotient MN\G is called the Heisenberg nilmanifold and may be
identified as a set with [0, 1)3:

BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND JuLy 2024 12 /29



NILSEQUENCES

Bracket polynomials can be very difficult to work with.

It has long been known (particularly due to work of Bergelson and
Leibman) that there is a close link between bracket polynomials and
nilpotent groups.

Consider LER 22
G:<01R>, F:<01Z>
001 001

The quotient MN\G is called the Heisenberg nilmanifold and may be
identified as a set with [0, 1)3:

(19 GiD) - (354"
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NILSEQUENCES

Define F : T\G — C by
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NILSEQUENCES

Define F : I\G — C by
Lx 2N _ 2mi(z—y|x])
F(aiy)=-¢ -

Then

~n
~~
cor
Q
S
~ 2o

) _ o—2mian|Bn]
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NILSEQUENCES

Define F : T\G — C by
Lx 2N _ 2mi(z—y|x])

F(aiy)=-¢ -

Then Lan 0 amian|n

F(o 1 ,Bn) = g M@ .

00 1

An example of a 2-step nilsequence.
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NILSEQUENCES

Define F : I\G — C by
552 = g2milz—ylx)
F(o17) =e -

Then )
E (0 an ,Bon) — e—2mian|Bn]
00 1

An example of a 2-step nilsequence. (Not quite accurate, since here F is
not continuous on M\G.)
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NILSEQUENCES

Let G be a simply-connected, s-step nilpotent Lie group.
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NILSEQUENCES

Let G be a simply-connected, s-step nilpotent Lie group.

G = G, Gy = [G, G]’ Gz = [G7 G2],...,G5+1 = {1}
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NILSEQUENCES

Let G be a simply-connected, s-step nilpotent Lie group.

G = G, Gy = [G, G]’ Gz = [G7 G2],...,G5+1 = {1}

Note the Heisenberg group G = (é H§ %) is such a group with s = 2.
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NILSEQUENCES

Let G be a simply-connected, s-step nilpotent Lie group.

G = G, Gy = [G, G]’ Gz = [G7 G2],...,G5+1 = {1}

Note the Heisenberg group G = (é H§ %) is such a group with s = 2.

Let M\ G be a lattice. Let F : G — C be '-automorphic, i.e.
F(vg) = F(g).
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NILSEQUENCES

Let G be a simply-connected, s-step nilpotent Lie group.

G = G, Gy = [G, G]’ Gz = [G7 G2],...,G5+1 = {1}

Note the Heisenberg group G = (é H§ %) is such a group with s = 2.

Let M\ G be a lattice. Let F : G — C be '-automorphic, i.e.
F(vg) = F(g).

Let p: Z — G be a polynomial sequence (for instance p(n) = (

[eNeoy

an 0
1 ﬂn)
0 1

on the Heisenberg group).
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NILSEQUENCES

Let G be a simply-connected, s-step nilpotent Lie group.

G = G; Gy = [G7 G]’ Gz = [G7 G2]7"')G5+1 = {1}

Note the Heisenberg group G = (é H§ %) is such a group with s = 2.

Let M\ G be a lattice. Let F : G — C be '-automorphic, i.e.
F(vg) = F(g).

Let p: Z — G be a polynomial sequence (for instance p(n) = (

[eNeoy

an 0
1 ﬂn)
_ 01
on the Heisenberg group).

Then ¢(n) = F(p(n)) is an s-step (polynomial) nilsequence.
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NILSEQUENCES

Let G be a simply-connected, s-step nilpotent Lie group.

G1=G,6=[G,G],G =[G, G],...,Gsy1 = {1}.

Note the Heisenberg group G = (é H§ %) is such a group with s = 2.

Let M\ G be a lattice. Let F : G — C be '-automorphic, i.e.
F(vg) = F(g).

Let p: Z — G be a polynomial sequence (for instance p(n) = (

[eNeoy

an 0
1 ﬂn)
01
on the Heisenberg group).

Then ¢(n) = F(p(n)) is an s-step (polynomial) nilsequence.

Complexity: dim(G), structure constants of G, Lipschitz/smoothness
properties of F (but not anything to do with p(n)).
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U3 INVERSE THEOREM: NILSEQUENCE FORMULATION
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U3 INVERSE THEOREM: NILSEQUENCE FORMULATION

THEOREM (G.— TA0o 2005)
Suppose that f : [N] — C is 1-bounded and that |fys;n; = 0.
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U3 INVERSE THEOREM: NILSEQUENCE FORMULATION

THEOREM (G.— TA0o 2005)

Suppose that f : [N] — C is 1-bounded and that || ys;n; = 0. Then
there is a 2-step nilsequence F(p(n)) of complexity Os(1), such that

[Enepnf (M F(p(n)] = 6" = &'(9). (3)
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U3 INVERSE THEOREM: NILSEQUENCE FORMULATION

THEOREM (G.— TA0o 2005)

Suppose that f : [N] — C is 1-bounded and that || ys;n; = 0. Then
there is a 2-step nilsequence F(p(n)) of complexity Os(1), such that

[Enepnf (M F(p(n)] = 6" = &'(9). (3)

Conversely, if (3) holds then |f]/ys =~ 1.
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U3 INVERSE THEOREM: NILSEQUENCE FORMULATION

THEOREM (G.— TA0o 2005)

Suppose that f : [N] — C is 1-bounded and that || ys;n; = 0. Then
there is a 2-step nilsequence F(p(n)) of complexity Os(1), such that

[Enepnf (M F(p(n)] = 6" = &'(9). (3)

Conversely, if (3) holds then |f]/ys =~ 1.

In fact the theorem was shown with the a priori stronger conclusion that
we can take p(n) = a" for some a€ G.
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U3 INVERSE THEOREM: NILSEQUENCE FORMULATION

THEOREM (G.— TA0o 2005)

Suppose that f : [N] — C is 1-bounded and that || ys;n; = 0. Then
there is a 2-step nilsequence F(p(n)) of complexity Os(1), such that

[Enepnf (M F(p(n)] = 6" = &'(9). (3)

Conversely, if (3) holds then |f]/ys =~ 1.

In fact the theorem was shown with the a priori stronger conclusion that
we can take p(n) = a" for some a€ G.

The notion of polynomial nilsequence, which is important for further
analysis, was not fully clarified until a little later.
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NILSEQUENCES: SOME HISTORY

The role of nilpotent groups was understood in analogous contexts in the
ergodic community much earlier.
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NILSEQUENCES: SOME HISTORY

The role of nilpotent groups was understood in analogous contexts in the
ergodic community much earlier.

Nilmanifolds '\G we studied by Malcev in the 1950s and nilflows

(sequences a"x : n=1,2,...) have been studied since at least the 1960s
from the dynamical point of view (Auslander—L. Green—Hahn, Parry).
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NILSEQUENCES: SOME HISTORY

The role of nilpotent groups was understood in analogous contexts in the
ergodic community much earlier.

Nilmanifolds '\G we studied by Malcev in the 1950s and nilflows
(sequences a"x : n=1,2,...) have been studied since at least the 1960s
from the dynamical point of view (Auslander—L. Green—Hahn, Parry).

Connections that we now see as relevant to additive combinatorics came
later.
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NILSEQUENCES: SOME HISTORY

The role of nilpotent groups was understood in analogous contexts in the
ergodic community much earlier.

Nilmanifolds '\G we studied by Malcev in the 1950s and nilflows
(sequences a"x : n=1,2,...) have been studied since at least the 1960s
from the dynamical point of view (Auslander—L. Green—Hahn, Parry).

Connections that we now see as relevant to additive combinatorics came
later. In the ergodic setting the role of nilpotent groups, at least in the
2-step case, seems to have crystallised towards the end of the 1980s, with
an ergodic analogues of the theorem that 2-step nilsequences control the

behaviour of 4-term arithmetic progressions due to Conze and Lesigne
(1988).
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NILSEQUENCES: SOME HISTORY

The role of nilpotent groups was understood in analogous contexts in the
ergodic community much earlier.

Nilmanifolds '\G we studied by Malcev in the 1950s and nilflows
(sequences a"x : n=1,2,...) have been studied since at least the 1960s
from the dynamical point of view (Auslander—L. Green—Hahn, Parry).

Connections that we now see as relevant to additive combinatorics came
later. In the ergodic setting the role of nilpotent groups, at least in the
2-step case, seems to have crystallised towards the end of the 1980s, with
an ergodic analogues of the theorem that 2-step nilsequences control the
behaviour of 4-term arithmetic progressions due to Conze and Lesigne
(1988).

In this paper they point out a major oversight in their earlier work from
1984. They say that the need for nilpotent groups was pointed out to
them by Furstenberg and Weiss.
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NILSEQUENCES: SOME HISTORY

| am not sure that explicit conjectures about possible generalisations of
this to longer progressions/higher-step nilpotent groups were made.
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NILSEQUENCES: SOME HISTORY

| am not sure that explicit conjectures about possible generalisations of
this to longer progressions/higher-step nilpotent groups were made.

Such statements were proven by Host-Kra (2003) and independently and
slightly later by Ziegler.
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| am not sure that explicit conjectures about possible generalisations of
this to longer progressions/higher-step nilpotent groups were made.

Such statements were proven by Host-Kra (2003) and independently and
slightly later by Ziegler. The Host—Kra proof has structures (semi-norms)
which are closely analogous to Gowers norms.
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NILSEQUENCES: SOME HISTORY

| am not sure that explicit conjectures about possible generalisations of
this to longer progressions/higher-step nilpotent groups were made.

Such statements were proven by Host-Kra (2003) and independently and
slightly later by Ziegler. The Host—Kra proof has structures (semi-norms)
which are closely analogous to Gowers norms.

The notion of nilsequence F(p(n)) itself (with p(n) = a") was introduced
by Bergelson, Host and Kra (2005).
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HiGHER U*[N] NORMS

The inverse theorem for higher UX[N] norms was explicitly conjectured by
G.—Tao in 2006 and proven by G.—Tao—Ziegler in 2010/2011.
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HiGHER U*[N] NORMS

The inverse theorem for higher UX[N] norms was explicitly conjectured by
G.—Tao in 2006 and proven by G.—Tao—Ziegler in 2010/2011.

TueoreM (GTZ 2010/11)
Suppose that f : [N] — C is 1-bounded and that |f|ys+1n) = 9.
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HiGHER U*[N] NORMS

The inverse theorem for higher UX[N] norms was explicitly conjectured by
G.—Tao in 2006 and proven by G.—Tao—Ziegler in 2010/2011.

TueoreM (GTZ 2010/11)

Suppose that f : [N] — C is 1-bounded and that || ys+in; = 0. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that

[Enen f(MF(p(n))| = 6" =83, 5).
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HiGHER U*[N] NORMS

The inverse theorem for higher UX[N] norms was explicitly conjectured by
G.—Tao in 2006 and proven by G.—Tao—Ziegler in 2010/2011.

TueoreM (GTZ 2010/11)

Suppose that f : [N] — C is 1-bounded and that || ys+in; = 0. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that

[Enen f(MF(p(n))| = 6" =83, 5).

In fact one can take p(n) = a” and this is how it was originally conjectured.
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HiGHER U*[N] NORMS

The inverse theorem for higher UX[N] norms was explicitly conjectured by
G.—Tao in 2006 and proven by G.—Tao—Ziegler in 2010/2011.

TueoreM (GTZ 2010/11)

Suppose that f : [N] — C is 1-bounded and that || ys+in; = 0. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that

[Enen f(MF(p(n))| = 6" =83, 5).

In fact one can take p(n) = a” and this is how it was originally conjectured.

Gowers (1997) had previously proven a ‘local’ version of this.
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HiGHER U*[N] NORMS

THEOREM (GTZ 2010/11)

ThSuppose that f : [N] — C is 1-bounded and that ||f||ys+1jn) = 6. Then

there is an s-step nilsequence F(p(n)) of complexity Os(1), such that
|Ene[N]f(n)F(p(n))| »ss 1.
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HiGHER U*[N] NORMS

THEOREM (GTZ 2010/11)

ThSuppose that f : [N] — C is 1-bounded and that ||f||ys+1jn) = 6. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that
|Ene[N]f(n)F(p(n))| »ss 1.

Strong motivation for conjecturing this result was provided by the work of
Host—Kra (2003, Annals 2005). Here is a rough statement.
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HiGHER U*[N] NORMS

THEOREM (GTZ 2010/11)

ThSuppose that f : [N] — C is 1-bounded and that ||f||ys+1jn) = 6. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that
|Ene[N]f(”)F(p(n))| »ss 1.

Strong motivation for conjecturing this result was provided by the work of
Host—Kra (2003, Annals 2005). Here is a rough statement.

THEOREM (HOST-KRA 2005, ROUGH STATEMENT)

Suppose X = (X, u, T) ergodic. They define a (Host-Kra) seminorm
I|flls+1 and a ‘factor’ Zs of X such that ||f||s+1 = O if and only if
E(f|Zs) = 0, and show that Zs is an inverse limit of nilsystems.

BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND Jury 2024 19 /29



HiGHER U*[N] NORMS

THEOREM (GTZ 2010/11)

ThSuppose that f : [N] — C is 1-bounded and that ||f||ys+1jn) = 6. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that

|Ene[N]f(”)F(p(n))| »ss 1.

Strong motivation for conjecturing this result was provided by the work of
Host—Kra (2003, Annals 2005). Here is a rough statement.

THEOREM (HOST-KRA 2005, ROUGH STATEMENT)

Suppose X = (X, u, T) ergodic. They define a (Host-Kra) seminorm
I|flls+1 and a ‘factor’ Zs of X such that ||f||s+1 = O if and only if
E(f|Zs) = 0, and show that Zs is an inverse limit of nilsystems.

Szegedy (et al) has given a different proof of the inverse theorem.
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FINITE FIELDS

Recall the U3 inverse theorem over finite fields.
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FINITE FIELDS

Recall the U3 inverse theorem over finite fields.

THEOREM (G.-TAO, SAMORODNITSKY )

Suppose that f : F — C is 1-bounded and that |fys(n) = 0. Then there
is some quadratic phase q : ¥y — Fj, such that

|EXngf(x)e_2”iq(X)/p| »sp 1.
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Recall the U3 inverse theorem over finite fields.

THEOREM (G.-TAO, SAMORODNITSKY )

Suppose that f : F — C is 1-bounded and that |fys(n) = 0. Then there
is some quadratic phase q : ¥y — Fj, such that

|EXngf(x)e_2”iq(X)/p| »sp 1.

Natural to conjecture the following generalisation.
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FINITE FIELDS

Recall the U3 inverse theorem over finite fields.

THEOREM (G.-TAO, SAMORODNITSKY )

Suppose that f : F — C is 1-bounded and that |fys(n) = 0. Then there
is some quadratic phase q : ¥y — Fj, such that

|EXngf(x)e_2”iq(X)/p| »sp 1.

Natural to conjecture the following generalisation.

CONJECTURE

Suppose that f : F) — C is 1-bounded and that ||f|ys+1(ga) = 0. Then
there is some degree s function ¢ : Fp, — Fj, such that
|EXngf(x)e_27ri¢(X)/P| Bhem L
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FINITE FIELDS

Historically, one reason for thinking about the finite field case was that it
was an easier model for the integer case.
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FINITE FIELDS

Historically, one reason for thinking about the finite field case was that it
was an easier model for the integer case.

For the U*-norm and higher, it acquires a life of its own to a certain
extent.
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FINITE FIELDS

Historically, one reason for thinking about the finite field case was that it
was an easier model for the integer case.

For the U*-norm and higher, it acquires a life of its own to a certain
extent.

The conjecture on the previous slide fails in low characteristic (G.—Tao,
Lovett—Meshulam—Samorodnitsky 2007). For example p = 2 and U*.
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FINITE FIELDS

Historically, one reason for thinking about the finite field case was that it
was an easier model for the integer case.

For the U*-norm and higher, it acquires a life of its own to a certain
extent.

The conjecture on the previous slide fails in low characteristic (G.—Tao,
Lovett—Meshulam—Samorodnitsky 2007). For example p = 2 and U*.

Instead of a ‘classical’ polynomial phase ¢(x)/p where ¢ : Fj — [, one
should work with ‘non-classical’ polynomial phases ¢ : Fj — R/Z, which
may not be the same thing for p < k.
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FINITE FIELDS

Historically, one reason for thinking about the finite field case was that it
was an easier model for the integer case.

For the U*-norm and higher, it acquires a life of its own to a certain
extent.

The conjecture on the previous slide fails in low characteristic (G.—Tao,
Lovett—Meshulam—Samorodnitsky 2007). For example p = 2 and U*.

Instead of a ‘classical’ polynomial phase ¢(x)/p where ¢ : Fj — [, one
should work with ‘non-classical’ polynomial phases ¢ : Fj — R/Z, which
may not be the same thing for p < k.

CONJECTURE (UPDATED U*(FF]) INVERSE CONJECTURE)

Suppose that f : F) — C is 1-bounded and that ||f|ys+1(gn) = 6. Then
there is some degree s (non-classical) polynomial phase ¢ : F} — R/Z
such that |Exngf(x)e_2“"¢’(X)| »5sp L.
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FINITE FIELDS

The inverse conjecture for p > k (with classical polynomials) was proven

by Tao—Ziegler (2008) using crucially an ergodic result joint with them and
Bergelson.
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FINITE FIELDS

The inverse conjecture for p > k (with classical polynomials) was proven

by Tao—Ziegler (2008) using crucially an ergodic result joint with them and
Bergelson.

This was extended to all characteristics (necessarily formulated using
non-classical polynomials) by Tao—Ziegler (2011).
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FINITE FIELDS

The inverse conjecture for p > k (with classical polynomials) was proven

by Tao—Ziegler (2008) using crucially an ergodic result joint with them and
Bergelson.

This was extended to all characteristics (necessarily formulated using
non-classical polynomials) by Tao—Ziegler (2011).

Alternative recent proof by Candela, Gonzalez-Sanchez and Szegedy.
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QUANTITATIVE ISSUES — THE U3[N]-NORM

THEOREM (G.-TA0 2005)

Suppose that f : [N] — C is 1-bounded and that || sy = 0. Then

there is a 2-step nilsequence F(p(n)) on M'\G of complexity Os(1), such
that [Epequy f (m)F(p(n)] > & = 6'(5).
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QUANTITATIVE ISSUES — THE U3[N]-NORM

THEOREM (G.-TA0 2005)

Suppose that f : [N] — C is 1-bounded and that || sy = 0. Then
there is a 2-step nilsequence F(p(n)) on M'\G of complexity Os(1), such
that [Enepnyf(n)F(p(n))| = 6" = &'(3).

This theorem already came with somewhat reasonable (exponential)
bounds.
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QUANTITATIVE ISSUES — THE U3[N]-NORM

THEOREM (G.-TA0 2005)

Suppose that f : [N] — C is 1-bounded and that || sy = 0. Then
there is a 2-step nilsequence F(p(n)) on M'\G of complexity Os(1), such
that [Enepnyf(n)F(p(n))| = 6" = &'(3).

This theorem already came with somewhat reasonable (exponential)
bounds.

It was discovered around 2010 (by G.—Tao, and independently by Lovett in
the finite field case, and building on work of Gowers who proved the harder
direction) that there is an equivalence between good bounds for the
U3-inverse theorem and inverse sumset problems.

BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND JULy 2024



QUANTITATIVE ISSUES — THE U3[N]-NORM

THEOREM (G.-TA0 2005)

Suppose that f : [N] — C is 1-bounded and that || sy = 0. Then
there is a 2-step nilsequence F(p(n)) on M'\G of complexity Os(1), such
that [Enepnyf(n)F(p(n))| = 6" = &'(3).

This theorem already came with somewhat reasonable (exponential)
bounds.

It was discovered around 2010 (by G.—Tao, and independently by Lovett in
the finite field case, and building on work of Gowers who proved the harder
direction) that there is an equivalence between good bounds for the
U3-inverse theorem and inverse sumset problems.

Subsequent advances in additive combinatorics, particularly Sanders’ work,
allows for the bounds to be improved to quasipolynomial.
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QUANTITATIVE ISSUES — THE U3[N]-NORM

THEOREM (G.-TA0 2005)

Suppose that f : [N] — C is 1-bounded and that || sy = 0. Then
there is a 2-step nilsequence F(p(n)) on M'\G of complexity Os(1), such
that [Enepnyf(n)F(p(n))| = 6" = &'(3).

This theorem already came with somewhat reasonable (exponential)
bounds.

It was discovered around 2010 (by G.—Tao, and independently by Lovett in
the finite field case, and building on work of Gowers who proved the harder
direction) that there is an equivalence between good bounds for the
U3-inverse theorem and inverse sumset problems.

Subsequent advances in additive combinatorics, particularly Sanders’ work,
allows for the bounds to be improved to quasipolynomial. (Most
importantly, dim G « log©(1/6), & ~ exp(— log€(1/5))).
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QUANTITATIVE ISSUES — THE U*(F])-NORM

The recent proof of Marton's conjecture by Gowers, G., Manners and Tao

can be input into (essentially) [G.—Tao 2005, Samorodnitsky 2005] to give
polynomial bounds in the finite field case.
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QUANTITATIVE ISSUES — THE U*(F])-NORM

The recent proof of Marton's conjecture by Gowers, G., Manners and Tao
can be input into (essentially) [G.—Tao 2005, Samorodnitsky 2005] to give
polynomial bounds in the finite field case.

THEOREM (GGMT 2024)

Suppose that f : ) — C is 1-bounded and that HfHU3(]Fg) > 6. Then there
is some quadratic phase q : F; — F, such that

|Exeryf (x)e 2900|565,
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QUANTITATIVE ISSUES — HIGHER U*[N]-NORMS

THEOREM (GTZ 2010/11)

Suppose that f : [N] — C is 1-bounded and that | ys+1fpn; = 0. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that
[Enerng f (M) F (p(n))] = 6" = 6'(6, 5)
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THEOREM (GTZ 2010/11)

Suppose that f : [N] — C is 1-bounded and that | ys+1fpn; = 0. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that
[Enerng f (M) F (p(n))] = 6" = 6'(6, 5)

Proof gives extremely weak bounds for U*-norm, and no bounds for U®
and higher, due to use of ultraproduct arguments.
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THEOREM (GTZ 2010/11)

Suppose that f : [N] — C is 1-bounded and that | ys+1fpn; = 0. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that

[Enerng f (M) F (p(n))] = 6" = 6'(6, 5)

Proof gives extremely weak bounds for U*-norm, and no bounds for U®
and higher, due to use of ultraproduct arguments.

Freddie Manners (2018): gave a substantially different argument which
also gives quantitative bounds of double exponential type.
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QUANTITATIVE ISSUES — HIGHER U*[N]-NORMS

THEOREM (GTZ 2010/11)

Suppose that f : [N] — C is 1-bounded and that | ys+1fpn; = 0. Then
there is an s-step nilsequence F(p(n)) of complexity Os(1), such that
[Enerng f (M) F (p(n))] = 6" = 6'(6, 5)

Proof gives extremely weak bounds for U*-norm, and no bounds for U®
and higher, due to use of ultraproduct arguments.

Freddie Manners (2018): gave a substantially different argument which
also gives quantitative bounds of double exponential type.

Leng—Sah—Sawhney (2024) have given quasipolynomial bounds, essentially
matching what is known in the U3[N] case.
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) =9

Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
[Bxernf (x)e 2™ > §' = §(5, 5, p).
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) =9

Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
|Exngf(X)6727riw(X)| >0 =0'(4,s, p).

U* : Gowers—Miliéevi¢ (2017) when p > 5 then Tidor when p < 5.
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) = 9.
Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
|Exngf(X)6727riw(X)| >0 =0'(4,s, p).

U* : Gowers—Miliéevié (2017) when p > 5 then Tidor when p < 5. The
bounds are of shape (§')~1 ~ exp exp exp(log® (1/4)).
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) = 9.
Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
|Exngf(X)ef27riw(X)| >0 =0'(4,s, p).

U* : Gowers—Miliéevié (2017) when p > 5 then Tidor when p < 5. The
bounds are of shape (§")~! ~ expexpexp(log®(1/8)). The solution of
Marton's conjecture should imply a doubly exponential bound.
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) = 9.
Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
|Exngf(X)ef27riw(X)| >0 =0'(4,s, p).

U* : Gowers—Miliéevié (2017) when p > 5 then Tidor when p < 5. The
bounds are of shape (§")~! ~ expexpexp(log®(1/8)). The solution of
Marton's conjecture should imply a doubly exponential bound.

Uk, k > 5: Gowers—Milicevi¢ in high characteristic (2020) p > k.
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) = 9.
Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
|Exngf(X)ef27riw(X)| >0 =0'(4,s, p).

U* : Gowers—Miliéevié (2017) when p > 5 then Tidor when p < 5. The
bounds are of shape (§")~! ~ expexpexp(log®(1/8)). The solution of
Marton's conjecture should imply a doubly exponential bound.

Uk, k > 5: Gowers—Milicevi¢ in high characteristic (2020) p > k. Bound is
a finite tower of exponentials (6') 1 ~ expexp---exp(Cy 0 1), height
depends only on k.
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) = 9.
Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
|Exngf(X)ef27riw(X)| >0 =0'(4,s, p).

U* : Gowers—Miliéevié (2017) when p > 5 then Tidor when p < 5. The
bounds are of shape (§")~! ~ expexpexp(log®(1/8)). The solution of
Marton's conjecture should imply a doubly exponential bound.

Uk, k > 5: Gowers—Milicevi¢ in high characteristic (2020) p > k. Bound is
a finite tower of exponentials (6') 1 ~ expexp---exp(Cy 0 1), height
depends only on k.

U and U®: Mili¢evi¢ when p = 2.
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QUANTITATIVE ISSUES — FINITE FIELD UX FOR k > 4

THEOREM (TZ 2011)

Suppose that f : F — C is 1-bounded. Suppose that ||fHUs+l(]Fg) = 9.
Then there is some non-classical degree s phase ¢ : Fj} — R/Z such that
|Exngf(X)ef27riw(X)| >0 =0'(4,s, p).

U* : Gowers—Miliéevié (2017) when p > 5 then Tidor when p < 5. The
bounds are of shape (§")~! ~ expexpexp(log®(1/8)). The solution of
Marton's conjecture should imply a doubly exponential bound.

Uk, k > 5: Gowers—Milicevi¢ in high characteristic (2020) p > k. Bound is
a finite tower of exponentials (6') 1 ~ expexp---exp(Cy 0 1), height
depends only on k.

U and U®: Mili¢evi¢ when p = 2.

It is certainly natural to conjecture that we can take §' = §C».
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FURTHER TOPICS - NILSEQUENCES

The inverse theorem is of limited use unless one can actually do something
with nilsequences.
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FURTHER TOPICS - NILSEQUENCES

The inverse theorem is of limited use unless one can actually do something
with nilsequences. The most basic questions are about the distribution of

(a")n=12,... in T\G. In the infinitary setting this was figured out by L.
Green (Leibman).
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The inverse theorem is of limited use unless one can actually do something
with nilsequences. The most basic questions are about the distribution of

(a")n=12,... in T\G. In the infinitary setting this was figured out by L.
Green (Leibman).

The basic finitary result was established by GT in 2006.
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FURTHER TOPICS - NILSEQUENCES

The inverse theorem is of limited use unless one can actually do something
with nilsequences. The most basic questions are about the distribution of
(a")n=12,... in T\G. In the infinitary setting this was figured out by L.
Green (Leibman).

The basic finitary result was established by GT in 2006.

THEOREM (GT 2006)

Suppose that (p(n))ne[n] is not d-equidistributed in T\G. Then
(m(p(n))) ne[n] is not 69 _equidistributed in T\G/[G, G].
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FURTHER TOPICS - NILSEQUENCES

The inverse theorem is of limited use unless one can actually do something
with nilsequences. The most basic questions are about the distribution of
(a")n=12,... in T\G. In the infinitary setting this was figured out by L.
Green (Leibman).

The basic finitary result was established by GT in 2006.

THEOREM (GT 2006)

Suppose that (p(n))ne[n] is not d-equidistributed in T\G. Then
(m(p(n))) ne[n] is not 69 _equidistributed in T\G/[G, G].

Here 7 : G — G/[G, G] is projection.
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FURTHER TOPICS - NILSEQUENCES

The inverse theorem is of limited use unless one can actually do something
with nilsequences. The most basic questions are about the distribution of
(a")n=12,... in T\G. In the infinitary setting this was figured out by L.
Green (Leibman).

The basic finitary result was established by GT in 2006.

THEOREM (GT 2006)

Suppose that (p(n))ne[n] is not d-equidistributed in T\G. Then
(m(p(n))) ne[n] is not 69 _equidistributed in T\G/[G, G].

Here 7 : G — G/[G, G] is projection.

Recently Leng (2023) made significant progress on the quantitative
aspects.
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TOUR OF FURTHER TOPICS

Major further topics include

e Regularity, decomposition and counting lemmas (\Wolf)
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TOUR OF FURTHER TOPICS

Major further topics include
e Regularity, decomposition and counting lemmas (\Wolf)

@ True complexity ‘beyond the Cauchy-Schwarz inequality’
(Gowers—Wolf, Manners)
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e Regularity, decomposition and counting lemmas (\Wolf)

@ True complexity ‘beyond the Cauchy-Schwarz inequality’
(Gowers—Wolf, Manners)

@ Inverse theorems relative to pseudorandom measures, in particular
results that can be applied to the primes (Tao, Terdvainen)
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Major further topics include
e Regularity, decomposition and counting lemmas (\Wolf)

@ True complexity ‘beyond the Cauchy-Schwarz inequality’
(Gowers—Wolf, Manners)

@ Inverse theorems relative to pseudorandom measures, in particular
results that can be applied to the primes (Tao, Terdvainen)

e Polynomial patterns (concatenation results, degree lowering (Peluse))

BEN GREEN (OXFORD) HIGHER-ORDER FOURIER ANALYSIS 22ND JuLy 2024 28 /29



TOUR OF FURTHER TOPICS

Major further topics include
e Regularity, decomposition and counting lemmas (\Wolf)

@ True complexity ‘beyond the Cauchy-Schwarz inequality’
(Gowers—Wolf, Manners)

@ Inverse theorems relative to pseudorandom measures, in particular
results that can be applied to the primes (Tao, Terdvainen)

e Polynomial patterns (concatenation results, degree lowering (Peluse))

e Work in the infinitary realm (Klurman, Moreira, Richter)
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FUTURE DIRECTIONS AND CHALLENGES
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FUTURE DIRECTIONS AND CHALLENGES

e Polynomial inverse theorem for Uk(IFg) (or better bounds, e.g. fixed
tower of exponentials)
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FUTURE DIRECTIONS AND CHALLENGES

e Polynomial inverse theorem for Uk(IFg) (or better bounds, e.g. fixed
tower of exponentials)

e Polynomial (as opposed to quasi-polynomial) inverse theorem for
UK[N]? Even for k = 3 this would basically require a proof of PFR
over the integers.
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e Polynomial inverse theorem for Uk(IFg) (or better bounds, e.g. fixed
tower of exponentials)

e Polynomial (as opposed to quasi-polynomial) inverse theorem for
UK[N]? Even for k = 3 this would basically require a proof of PFR
over the integers.

e ‘Natural’ (or significantly more accessible) proof of the inverse
conjectures?
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FUTURE DIRECTIONS AND CHALLENGES

e Polynomial inverse theorem for Uk(IFg) (or better bounds, e.g. fixed
tower of exponentials)

e Polynomial (as opposed to quasi-polynomial) inverse theorem for
UK[N]? Even for k = 3 this would basically require a proof of PFR
over the integers.

e ‘Natural’ (or significantly more accessible) proof of the inverse
conjectures?

@ Inverse theorems for Higher-dimensional norms. The simplest one
(Austin) is Ep|Apf] ..
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