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Nematic elastomers

Rubbery networks composed of long,
crosslinked polymer chains that are also liquid
crystalline.

M. Warner & E.M. Terentjev: Nematic
elastomers – a new state of matter?, Progress in
Polymer Science 21 (1996) 853–891.

M. Warner & E.M. Terentjev: Liquid Crystal
Elastomers, Clarendon Press, Oxford, 2003.

A. DeSimone & G. Dolzmann: Macroscopic
response of nematic elastomers via relaxation of a
class of SO(3)-invariant energies, Arch. Rational
Mech. Anal. 161 (2002) p. 181.

S. Conti, A. DeSimone & G. Dolzmann: Soft
elastic response of stretched sheets of nematic
elastomers: a numerical study, J. Mech. Phys.
Solids 50 (2002) p. 1431.
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Applications

Chemical, mechanical, and bio-medical sensors

Microfluidic pumps, valves, mixers

Mirrorless, tuneable lasers

Soft ferro-electrics

[Mark Warner (Cavendish Lab., Cambridge),

13th International Ferro-electric Liquid Crystals Conference (2011)]



I. Kundler & H. Finkelmann  (1995) R. Poudel, Y. Sengul & A. Mihai (2024)



Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Conti-DeSimone-Dolzmann
people.sissa.it/~desimone/Nematic/

people.sissa.it/~desimone/Nematic/


Geometrically nonlinear models

M. Barchiesi & A. DeSimone [ESAIM:COCV, 2015]

min
(u,n)

detDu≡1

ˆ
Ω
Wmec(Du(x),n(u(x)))dx +

ˆ
u(Ω)

|Dn(y)|2 dy

Bladon-Terentjev-Warner [J. Phys. II, 1994]

Wmec(F ,n) :=
µ

2
tr
(
LrFTL−1(n)F

)
L(n) = a

2
3 n ⊗ n + a−

1
3

(
I − n ⊗ n

)
Cesana-DeSimone [M3AS, 2009]

DeSimone-Teresi [Eur. Phys. J. E, 2009]

Agostiniani-DeSimone [Int. J. Nonlin. Mech., 2012]



Direct method of the calculus of variations
Existence of minimizers

a b



Polyacrylamide (PAAm) gel
T = 296 K
G = 0.13 MPa
ϕ0 = 0.2035

Joint with C. Calderer, M. Sánchez, R. Siegel, S. Song:





Netgen/NGSolve

Quadratic elements

418509 degrees of freedom

u1 = u2 = u3 = 0 on the bonded part of the interface

u2 = 0 on the debonded part of the interface

Gravity

Obstacle constraint: u2 ≥ 0

Incremental softening

https://ngsolve.org


φ ∈ C∞
c (Ω) 7→

Z

Ω

u(x)φ(x) dx



Weak compactness



Weak compactness



Ductile fracture

N. Petrinic, J. L. Curiel Sosa, C. R. Siviour, B. C. F. Elliot: Improved

Predictive Modelling of Strain Localisation and Ductile Fracture in a Ti-64Al-4V Alloy

Subjected to Impact Loading. J. Phys. IV France 134 (2006), 147–155.



Cavitation

Hydroxyl-terminated polybutadiene (HTPB)

Courtesy of Robert Nevière (SNPE Matériaux Energétiques,

Centre de Recherches du Bouchet)



ν

P

A

u(x) = u(r)
x

r

, r = |x |

u
′
u
n−1 = r

n−1 ⇒ u(r) =
(

A
n + r

n
)

1
n

T (r) =

ˆ v(1)

v(r)

1

v
n − 1

dΦ̂

dv
dv

Gent & Lindley ’59, Ball ’82

1
vn

−1
dΦ̂(v)
dv

∈ L
1(1 + δ,∞)

For W (F ) = µ

p
|F |p, this is p < n.



Incompressible limit: r(R) = (An + R
n)

1
n , A > 0 cavity radius.

Gent & Lindley, 1959.

Ball, 1982.



H., Mora-Corral & Xu CMAME ’16
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Rigid inclusion
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Kumar & Lopez-Pamies, J. Mech. Phys. Solids 150 (2021) 104359
Kumar, Bourdin, Francfort & Lopez-Pamies, JMPS 142 (2020) 104027
Francfort, Giacomini & Lopez-Pamies, Analysis and PDE 12 (2019)
Poulain, Lefèvre, Lopez-Pamies & Ravi-Chandar, Int J Fract 205 (2017) 1-21



Ball & Murat 1984

Qλ Q

λQ
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Q

Q

λ

λ
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Q

Q

Q
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u1

u2

.

.

.

.

.

.

uh

B.C.: u(x) = λx on ∂Q.

Du j ⇀

 

Q

Du1

=

ˆ

∂Q

u1 ⊗ ν dH
n−1

=

 

Q

λ1 = λ1

Hence u j ⇀ u in W
1,p, but

1 = detDu j ̸⇀ detDu = λ
2

Quasiconvexity; lower semicontinuity



Classical existence theory in nonlinear elasticity

min

ˆ

Ω
W (Du(x)) dx

W (F ) = g(F , cof F , detF ),

W (F ) ≥ C (|F |
p + | cof F |

q
− 1)

Ball ’77: p ≥ 2, q ≥ p
′.

Müller, Qi & Yan ’94: p = 2, q ≥
3
2 .



∂u

∂x

∂v

∂y
=

∂

∂x

(

u

∂v

∂y

)

− u

∂2
v

∂x∂y



∂u

∂x

∂v

∂y
=

∂

∂x

(

u

∂v

∂y

)

− u

∂2
v

∂x∂y

Schwarz’s theorem
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− u
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v
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Schwarz’s theorem
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∂u

∂x

∂v

∂y
=

∂

∂x

(

u

∂v

∂y

)

− u

∂2
v

∂x∂y

Schwarz’s theorem

∂2
v

∂y∂x
=

∂2
v

∂x∂y

∂u

∂y

∂v

∂x
=

∂

∂y

(

u

∂v

∂x

)

− u

∂2
v

∂y∂x

Distributional determinant

ˆ

Ω

∂(u, v)

∂(x , y)
φ =

ˆ

Ω

∣

∣

∣

∣

∂xu ∂yu

∂xv ∂yv

∣

∣

∣

∣

φ = −

ˆ

Ω
u

∂v

∂y

∂φ

∂x
+ u

∂v

∂x

∂φ

∂y
︸ ︷︷ ︸

:=DetD(u,v)



Topology. Green’s theorem

ˆ

∂E

Pdx + Qdy =

ˆ

∂E

∂P

∂y
−

∂Q

∂x
dA
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Pdx + Qdy =

ˆ

∂E

∂P
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−

∂Q

∂x
dA

ˆ

∂E

ydx − xdy =

ˆ

E

(1− (−1)) dA



Topology. Green’s theorem

ˆ

∂E

Pdx + Qdy =

ˆ

∂E

∂P

∂y
−

∂Q

∂x
dA

ˆ

∂E

ydx − xdy =

ˆ

E

(1− (−1)) dA

ˆ

∂E

∣

∣

∣

∣

x y

dx dy

∣

∣

∣

∣

= 2area(E)



E

3

2

1

2

2

u(@E)



Two dimensional interlude

y1

y2

ν

A

ˆ

∂A

g(y) · ν(y) ds =

ˆ

A

div g(y) dy

ˆ

y∈∂A

g1(y) dy2 + g2(y) · (− dy1)

=

ˆ

A

∂g1

∂y1
+

∂g2

∂y2
dy

If ∂A were u(∂E ) and u|∂E were injective and
orientation preserving, the line integral could
be rewritten as:

ˆ b

s=a

g1

(

u
(

x(s)
)

)

d

ds
u2

(

x(s)
)

− g2

(

u
(

x(s)
)

)

d

ds
u1

(

x(s)
)

ds



But, in general,

A1

A3

A2

ˆ b

s=a

g1

(

u

(
x(s)

)) d

ds
u2
(
x(s)

)
− g2

(

u

(
x(s)

)) d

ds
u1
(
x(s)

)
ds

=

(
ˆ

∂A1

+

ˆ

∂A2

+

ˆ

∂A3

)

g · ν

=

(
ˆ

A1

+

ˆ

A2

+

ˆ

A3

)

div g(y) dy =

ˆ

R3

deg(u,E , y) div g(y) dy



A1

A3

A2

Both in 2D and in 3D, the formula can be written as:

ˆ

∂E

g
(

u(x)
)

·
(

cof Du(x)
)

ν(x) dHn−1(x)

=

ˆ

Rn

deg(u,E , y) div g(y) dy .



Now,
ˆ

Rn

deg(u,E , y) div g(y) dy =

ˆ

∂E

g

(
u(x)

)
·
(
cof Du(x)

)
ν(x) dHn−1(x)

=

ˆ

∂E

(

(adjDu)g ◦ u)
)

· ν dA

=

ˆ

E

Div
((

adjDu

)
g ◦ u

)

dx

=

ˆ

E

(

Div(adjDu)T
)

︸ ︷︷ ︸

Piola

·g ◦ u + (adjDu) ·
(

Dyg

(
u(x)

)
Du(x)

)

dx

=

ˆ

E

(divy g)
(

u(x)
)

· detDu(x) dx

=

ˆ

E

(
sgn detDu(x)

)
· (div g)

(
u(x)

)
| detDu(x)| dx

=

ˆ

y∈u(E)

(
∑

x∈E
u(x)=y

sgn detDu(x)

︸ ︷︷ ︸

=deg(u,E ,y)

)

div g(y) dy .



Classical existence theory in nonlinear elasticity

min

ˆ

Ω
W (Du(x)) dx

W (F ) = g(F , cof F , detF ),

W (F ) ≥ C (|F |
p + | cof F |

q
− 1)

Ball ’77: p ≥ 2, q ≥ p
′.

Müller, Qi & Yan ’94: p = 2, q ≥
3
2 .



Growth at infinity

min

ˆ

Ω
|Du(x)|p + H(detDu(x)) dx

Both Ball ’77 and Müller, Qi & Yan ’94: p ≥ 3.



Growth at infinity

min

ˆ

Ω
|Du(x)|p + H(detDu(x)) dx

Both Ball ’77 and Müller, Qi & Yan ’94: p ≥ 3.

NeoHookean materials

W (F ) =
µ

2
(|F |

2
− 3) + µ ln

( 1

detF

)

+
λ

2
(detF − 1)2



The distributional determinant

For every ϕ ∈ C
∞

c (Ω)

⟨DetDu − detDu, ϕ⟩ = −
1

3

ˆ

Ω

(u · (cof Du)Dϕ+ ϕ detDu) dx

=

M
∑

i=1

ϕ(x i )

ˆ

∂Ci

y

3
· ν(y) dH2(y)

Cavitation points

DetDu = (detDu)L3+
M
∑

i=1

αiδx i



Lukyanchuk et al. [Nature Physics 11, 2015]

Davis et al [Phys Rev B 98, 2018]
Flükiger [Rev. Acc. Sci. Tech. 5, 2012]

Flükiger [Rev. Acc. Sci. Tech. 5, 2012]





- El-Azab & Po (2020)
  Handbook of materials modeling

- Müller, Scardia & Zeppieri (2014) 
  Indiana Univ. Math. J.

- Garroni, Marziani & Scala (2021)
  SIAM J. Math. Anal.



Rajarshi Day (2021)
soulofmathematics.com

arXiv:2405.13953



Müller & Spector ’95: if

Per u j(Ω) is uniformly bounded; and

u j , for every j ∈ N, and u itself, are one-to-one a.e.

then detDu j ⇀ detDu in L
1(Ω).



Invertibility

J. Ball [PRSE, 1981]

P. Ciarlet & Nečas [ARMA, 1987]

V. Šverák [ARMA, 1988]

S. Müller & S. Spector [ARMA, 1995]

J. Sivaloganathan & S. Spector [J. Elast, 2000]

H. & Mora-Corral (2010): if (u j)j in SBV , supj E(u j) < ∞ then

u is one-to-one a.e.,

(u j |B)
−1 ⇀ (u|B)

−1,

χu j (B)
∗
⇀ χu(B).

If (cof Du j)j is equiintegrable, then detDu j ⇀ detDu.

min

ˆ

Ω

|Du(x)|p + H(detDu(x)) dx , p > 2





Harmonic dipoles

The limit map u by Conti & De Lellis:

▶ DetDu = detDu+ π

6 (δP − δN)

▶ Does not satisfy INV or the divergence identities

▶ Ju−1 = B
(

(0, 0, 12),
1
2

)



R. Ricca, B. Nipoti. Gauss' linking number revisited. 
Journal of Knot Theory and Its Ramifications (2011)



NeoHookean materials

Doležalová, Hencl, Malý ’23, Thm. 1.1: If u j homeomorphisms with

ˆ

Ω
|Du j |

2 +
√

Ku j
dx

bounded, then u j ⇀ u with u satisfying INV.

Doležalová, Hencl, Molchanova, arXiv:2212.06452, Thm. 5.5: If
E (u) =

´

Ω
|Du|2 + H(detDu) dx with H(J) ≥ CJ

−2, then E has a
minimizer in the weak closure of

Ahom := {u ∈ W
1,2 : u is a homeomorphism, detDu > 0 a.e.,

Lusin’s N condition,u|∂Ω = b, E (u) ≤ E (b)}.

Kalayanamit, arXiv:2405.12156, Thm. 2.5: The minimizer in the weak
closure of Ahom ∩ {u = b in Ω \ ˜Ω} has a W

1,1 inverse.



Summary

Direct method of the calculus of variations: compactness and
lower semicontinuity.

Sequentiall continuity of detDu with respect to weak
convergence.

Divergence structure.

Brouwer degree. Invertibility.

Singular minimizers.

Harmonic dipoles. Linking numbers.

Analysis, geometry, mechanics, and topology in the
distributional determinants.


