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Landau operator, Coulomb case

Landau, 1936: For f := f(v) > 0 number density of charged particles of
velocity v € R3.

Collision operator:

Qo(f)(v) = V~./1R3 v — W|71 MN(v—w) <f(W)Vf(v) f(v)Vf(w)) dw,

where
|z|2

is the i, j-component of the orthogonal projection I1 onto

zt={y/y-z=0}

Ny(z) == d; —
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Landau operator, other potentials

By analogy with Boltzmann operator,

Qo(f)(v)=V- [v— W|’Y+2 MN(v—w) <f(W)Vf(v)— f(v) Vf(w)) dw
RS

Hard potentials: v €]0, 1]
Maxwell molecules: v =0
Moderately soft potentials: v € [-2,0[

Very soft potentials: v €] — 4, —2[ (includes the Coulomb case v = —3)
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Landau-Fermi-Dirac (LFD) operator

For f(v) € [0, ] density of fermions,

Q:(f)(v) =V ]1{.{3 v — W\%Lz M(v—w) {f(w) (1 —ef(w))VF(v)

—f(v)(1- Ef(V))Vf(W)] dw

Quantum parameter ¢ > 0 modeling Pauli's exclusion principle. For
electrons, one expects that ¢ is very small, typically ¢ ~ 10710,

The operator can be obtained by taking the grazing collision limit in the
Boltzmann-Nordheim (Uehling-Uhlenbeck) operator. The taxonomy
(depending on ) is the same as that of the Landau equation.
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LFD operator, weak formulation

For a smooth well suited test function ¢,

IGIOEOL

fl v — v w — w V—W7+2
_2//1&3@3 F(v) (1 —ef(v)) f(w) (1 —ef(w))] |

- T B Vif(v) _ Vi(w) vdw
(Wv(v) Vw(W)) M(v W)(f(v)(lsf(v)) f(w)(lsf(w)))dd '

Conservation of mass, momentum and energy (¢ > 0)

1
Q-(F)(v) ( Vi ) dv =0.
R |v[?/2
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Entropy inequality (first part of H-theorem) for the Landau

operator
Entropy production: f := f(v) >0

(= w) (%)= %)
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Entropy inequality (first part of H-theorem) for the LFD

operator

Entropy production: f := f(v) € [0,e7}]

D-f) =~ [ @A) (1 i(:()ﬂ) dv

1
== // =.(f)|v — w|""? dvdw
2 R3 xIR3

=) i= () (1A () 1) @21 00) (75 = ey )

VFf VFf
(v —w) <f(1_€f)(V) - f(l—sf)(W)) >0
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Case of equality in the entropy inequality (second part of

H-theorem) for Landau and LFD operator

For (reasonable, non zero a.e.) f >0, and £ > 0 small enough,
D.(f)=0 = f(v) =fege(v):

where
M(v) = exp(a — blv — u]?),
andac R, ueR3 b>0.

For larger & and/or small temperatures, degenerate steady states
(characteristic functions of balls) can appear.
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Entropy inequality (first part of H-theorem) for the

spatially homogeneous LFD equation

Unknown:
fi=f(t,v) €[0,e7,

Spatially homogeneous LFD equation:

of
E(tv V) = Qs(f(tv ))(V)

Entropy inequality:

with the entropy

H.(f):= = /]R3 {sf(v) In(ef(v))+ (1 —ef(v))In(1l —ef(v))]| dv.

g

Laurent Desvillettes IMJ-PRG Université Paris Cité Landau Fermi Dirac



Cauchy theory for the spatially homogeneous LFD

equation, case of hard potentials

Theorem Alonso, Bagland, Lods 2019 There exists g > 0, such that for
£ €]0, 0], fin € [0,671] lying in Li5(IR®), and with finite entropy, there
exists a unique weak (in a suitable sense) solution to the spatially
homogeneous LFD equation 4(t,v) = Q.(f(t,-))(v) with hard
potentials (y €]0, 1[).

Moreover this solution is such that f € C*°([to, +oo[; S(R?)) for all
to > 0. All the corresponding seminorms do not depend on ¢ < «&.

Finally one can take ty = O if the initial datum is sufficiently smooth and
decreasing at infinity.
Cf. also previous works by Chen 2010, 2011.

Main idea of the proof: Try to estimate at the same time the L' and
the L% moments of f.
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Cercignani's conjecture for LFD equation with hard

potential

Strong formulation of Cercignani's conjecture for an equation
(Boltzmann, Landau, LFD, etc.) with entropy H and its dissipation D:

D(f) = C(H(f) = H(feq))

for some C > 0 depending only on conserved quantities and an upper
bound of H(f). Here f.q is the equilibrium given by the second part of
Boltzmann’s H theorem..

Known to be true in the case of the Landau equation with (over)Maxwell
molecules LD, Villani 2000 ; A weaker formulation holds for the Landau
equation with hard potentials (C is allowed to depend on extra quantities
like Lf norms for p, g well chosen, LD 2023).
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Cercignani's conjecture for LFD equation with hard

potential

Estimate for the LFD equation with hard potentials or Maxwell molecules
(uniform in € € [0, &¢])

Proposition Alonso, Bagland, LD, Lods 2021

Fl136: Il feq.ell o)
> _ ZmaX(H 0 q, o
Df) 2 € |b — 122750 et (H-(F) = He(feq.0))

where

£ (V) _ ac exp(—b€|v — U€|2)
eqe 1+ a. exp(—b:|v — uc|?)’

fIi2(r2), and inf(1 —ef).

and C depends on [|f|[;1gs), |
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Cercignani's conjecture for LFD equation with hard

potential: consequence

Estimate for the LFD equation with hard potentials or Maxwellian
molecules (uniform in &):

max([1F11%.  fr 1)
D.(1) = ¢ b - 122X WEE W) (1, 1) - (1),

where )

ac exp(—be|v — ue|?)
1+ a. exp(—be|v — uc|?)’
and C depends on ||f||1gs), |[f|[12(r2), and inf(1 —ef).

fema(V) =

Proposition Alonso, Bagland, LD, Lods 2021 Let f;, € L15(]R3) be an
initial datum with (values in [0, 2, '] and) finite entropy. Then there
exists €1 €]0, €] such that for any ¢ €]0,¢1] and t > 1,

H.(F(t)) — He(feq,e) < (He(fin) — He(feqe)) e (70,

for some p > 0 depending only on the conserved quantities and the
initial entropy.
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Cercignani's conjecture for LFD equation with hard

potential: idea of the proof

Estimate for the LFD equation with hard potentials (uniform in ¢):

Da(f) > C [bs _ 1252 maX(i|r|1:—ilgo_7|(|€';e;f|OO):| (Hg(f) _ Ha(feq,a))v

where C depends on [|f||1gs), |[f|[2(r2), and inf(1 —ef).

First inequality:
2

V() f(v) <v>7 dv,

=€ LR

—Kv

R3
with

17
K:= f/Rs In(1—ef(v))dv.

3

Second inequality (cf. Carrillo, Jiingel, Markowich, Toscani, Unterreiter
2001):

/.

2

Vf(v) f(v)dv > 2b. (Ho(f) — He(feg.e).

(- er(v) 2"
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Cercignani's conjecture for LFD equation with hard

potential: idea of the proof

Explanation of the first step:

D.(f) = % //R3XR3 f(v)(1—ef(v))f(w)(1—ef(w))|v— W\"+2

Vf Vf T
(f(l " - sf)(W)>
Vf Vf

so that

D.(f) = % //f(l —ef)(v) f(1—ef)(w)

VW) x Vi(v) B Vi(w)
(v=w) (f(v)(l—ef(v)) f(w)(l—ef(w))>

2
v — w|” dvdw
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Cercignani's conjecture for LFD equation with hard

potential: idea of the proof

For showing that

D.(f) = % //f(l —ef)(v)f(1—ef)(w)

2

vV —w) X vf - Vi(w) v — w|” dvdw
0w () A )|
V£(v) 2 .,
ZC . W_KV f(V)<V> dV,

one uses the identity

' VW) x Vi(v) B Vi(w)
JLr=w (f(v)(l—sf(v)) f(w)(l—af(w))>

=— w) w? W—ajf(v)
= J W Ay
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Cercignani's conjecture for LFD equation with hard

potential: other approaches

Alonso, Bagland, Lods 2019: Use of a weak Cercignani conjecture
(algebraic decay) coupled with spectral analysis;

LD 2023: Use of a Cercignani conjecture with simple proof, but valid
only for small entropy dissipation;

Borsoni 2024: Use of a general principle transfering entropy-entropy
dissipation inequalities from the classical setting to the quantum (Pauli
exclusion principle) setting
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Cauchy theory for the spatially homogeneous LFD

equation, case of moderately soft potentials

Theorem Alonso, Bagland, LD, Lods 2022 There exists € > 0, such
that for £ €]0,2¢], fin € [0,27%] lying in L}, o(R?), and with finite
entropy, there exists a weak ([in a suitable sense) solution to the spatially
homogeneous LFD equation %£(t,v) = Q.(f(t,-))(v) with moderately
soft potentials (v €] — 2,0]).

Moreover this solution satisfies (for all T > t5 > 0)
f € L>([to, T]; L°(R3)), with a norm which does not depend on «.
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Cauchy theory for the spatially homogeneous LFD

equation, case of moderately soft potentials

Moreover, for g > 2 if f;, € L1 (R®) N L9(IR®) this solution satisfies (for
all T >0) f e L>([0, T]; L95°(R3)), with a norm which does not
depend on €.

Finally if f;, € W1°°~O(IR®), then this solution satisfies (for all T > 0)
fe L]0, T]; WLe=O(R3) N C%([0, T] x R3), with norms which do
not depend on .

Main ideas of the proof: Once again, try to estimate at the same time

the L! and the L% moments of f. The appearance of an L™ estimate can
be obtained thanks to a De Giorgi approach.
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Large time behavior of the LFD equation, case of

moderately soft potentials

Proposition Alonso, Bagland, LD, Lods 2022 Let f;, € [0, g¢] satisfying
/ fin(v) exp(ag < v >7) dv < 400
R3

forag >0and 0 < g < %, be an initial datum with finite entropy.

Then there exists 1 €]0, g¢] such that for any € €]0,1] and t > 2,

HL(F(£)) = He(fag.e) < max (1, He(fn) = He(feq.2)) AT

for some A > 0 depending only on ag, g and f;,.
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Idea of the proof: Logarithmic interpolation

d R
I(Hs(f(t)) - HE(feq,e)) = _Dé )(f)a

DO(f // f)|v — w|""? dvdw.
R3 ><]R3

We first observe that (when a, g > 0)

DO)(f) > ;{i In (z;((?)ﬂ g DO(f),

with

where

ra9(f //3 ; f)|v — w|""? exp(alv — w|9) dvdw.
R3xR
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Idea of the proof: Logarithmic interpolation

rea(f) = // =(f) v — w|"™? exp(a|v — w|7) dvdw
R3xR3
can be estimated in the following way:

[VE(v)P?
w o f(v)

where C depends on ||f||o and

r29(f) < C <v>?expla<v>9)dv

/ f(w) <w >? exp(a < w >9)
JRR3
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Idea of the proof: Estimate for the weighted Fisher

information

" v 2
ey < c [ 00

Provided that the initial datum has a suitable strectched exponential
decay for large v, it is possible to show that (for t > t; > 0)

<v>2 exp(a<v>9)dv.

f'
/ / Vs, v <v>2 exp(a<v>9)dvds < C(1+t).
R3 S V)

Idea: investigate the evolution of the “L In L-exponential moment"

/ f(t,v) Inf(t,v) exp(b < v >%)dv,
R3

for suitable b.
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Idea of the proof: use of a differential inequality

E(HLF(1)) — Helfeq.)) = ~ D),
LML (TRAONTE o
ALe(E)] e

Q2

< —c[c —In (DS”(Q)] DYO(f),

But we know that

DO(F) = C (He(F(t)) — He(feq.e)):

so that t — y(t) := H:(f(t)) — He(feq,c) satisfies a differental inequality
leading to the stretched exponential estimate.

In fact, the proof is a little more complex because ['29(f(t,-)) is bounded
only in L! in time (and not in L™ in time).
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Comparing with the Landau equation

In a work by Carrapatoso, LD, He 2017, it is shown that (under suitable
assumptions on the initial datum) the weak solutions of Landau
equations in the Coulomb case converge towards equilibrium with a
stretched exponential rate.

The proof can be extended to the moderately soft potentials case.
It is based on a different (less conceptual ?) modification of the entropy
method:

D(f(£)) = a(t) (H(F(1)) — H(feg)) — b(t),

and on a more general logarithmic Sobolev inequality.
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@ Main perspective: try to reproduce the proof of Guillen, Silvestre
2023 for LFD equation with Coulomb potential

@ Use the method of logarithmic interpolation for Landau equation for
all soft potentials

o Study of LBE equation

@ Study of Boltzmann-Nordheim equation with some uniformity in ¢,
cf. Borsoni, Lods
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