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Szeremerédi's Theorem

Theorem (Szemerédi 1975)
Let A be a subset of N with

An{l,...,N
e AN (L. V)

> 0.
N—o0 N

Then for each positive integer k, A has a nontrivial arithmetic progression
of length k.
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Linear Equations in Primes

Theorem (Green-Tao-Ziegler 2010)
Let P be the set of primes. Then

{n,d <N:nn+d,n+2d,....n+(k—1)d € P}|

= (]- + Ok(l))l H Bp

p prime
where
[ / / dxdy
B log x log(x + y) - - - log(x + (k — 1)y)
()T (-5 ek
1(_p_
)T sk
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Quantitative Bounds for Szemerédi

Let rx(N) be the size of the largest subset of {1,..., N} without a k-term
arithmetic progression.
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Quantitative Bounds for Szemerédi
Let rx(N) be the size of the largest subset of {1,..., N} without a k-term

arithmetic progression.
@ Szemerédi's theorem states that r(N) = o(N).
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Quantitative Bounds for Szemerédi

Let rx(N) be the size of the largest subset of {1,..., N} without a k-term
arithmetic progression.

@ Szemerédi's theorem states that r(N) = o(N).

e ne(N)=0 (m) (Gowers 2001).
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Quantitative Bounds for Szemerédi

Let rx(N) be the size of the largest subset of {1,..., N} without a k-term
arithmetic progression.

@ Szemerédi's theorem states that r(N) = o(N).
o rn(N)=0 (m) (Gowers 2001).

@ We have a general lower bound of N exp(— log(N)%) < ri(N) due to
Behrend in 1934.

@ For k = 3, there is a long line of work involving Roth, Szemerédi,
Heath-Brown, Bourgain, Sanders, etc.
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Quantitative Bounds for Szemerédi

Let rx(N) be the size of the largest subset of {1,..., N} without a k-term
arithmetic progression.

@ Szemerédi's theorem states that ri(N) = o(N).

o rn(N)=0 (m) (Gowers 2001).

@ We have a general lower bound of N exp(— log(N)%) < ri(N) due to
Behrend in 1934.

@ For k = 3, there is a long line of work involving Roth, Szemerédi,
Heath-Brown, Bourgain, Sanders, etc.

ﬁ for some ¢ > 0 (Bloom-Sisask 2020)
which solved the Erdos conjecture

e Culminating in r3(N) <
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Quantitative Bounds for Szemerédi

Let rx(N) be the size of the largest subset of {1,..., N} without a k-term
arithmetic progression.

@ Szemerédi's theorem states that ri(N) = o(N).

re(N) =0 (m) (Gowers 2001).

We have a general lower bound of N exp(— log(N)%) < ri(N) due to
Behrend in 1934.

For k = 3, there is a long line of work involving Roth, Szemerédi,
Heath-Brown, Bourgain, Sanders, etc.

|1+ for some ¢ > 0 (Bloom-Sisask 2020)
og "“(N)

which solved the Erdos conjecture

and r3(N) < Nexp(—log(N)) for some ¢ > 0 (Kelley-Meka 2023).

Culminating in r3(N) <
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Quantitative Bounds for Szemerédi

Let rx(N) be the size of the largest subset of {1,..., N} without a k-term
arithmetic progression.

@ Szemerédi's theorem states that ri(N) = o(N).

re(N) =0 (m) (Gowers 2001).
We have a general lower bound of N exp(— log(N)%) < ri(N) due to
Behrend in 1934.

For k = 3, there is a long line of work involving Roth, Szemerédi,
Heath-Brown, Bourgain, Sanders, etc.

—N__ for some ¢ >0 (Bloom-Sisask 2020)
log™“<(N)

which solved the Erdos conjecture

and r3(N) < Nexp(—log(N)<) for some ¢ > 0 (Kelley-Meka 2023).
Finally, we have rs(N) = O(N log(N)~¢) (Green-Tao 2017).

Culminating in r3(N) <
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Quantitative Bounds for Linear Equations
Relying on breakthrough work of Manners,

Theorem (Tao-Teravainen 2021)

Let P be the set of primes. Then

{n,d <N:nn+d,n+2d,...,n+ (k—1)d € P}

= (140 (fogiogye) ) 11 5

p prime
where

dxdy
I= / / log x log(x + y) - - - log(x + (k — 1)y)

k—1
(22)  (1=5) p>
5p: ) o k—1
5(m) p= k.
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New Results for Szemerédi

Theorem (L.-Sah-Sawhney 2024)

Let ri(N) be the size of the largest subset of {1,..., N} without a k-term
arithmetic progression. Then

(M) =0 (exp(log Illlg(N)Ck))

for some ¢, > 0.
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New Results for Linear Equations
Theorem (L. 2024)
Let P be the set of primes and let A > 0. Then

{n,d <N:nn+dn+2d,...,n+(k—1)d € P}

(1+0A<| )) IT 5

p prime
- /’V /’V dxdy
2 Jo logxlog(x+y)---log(x+ (k—1)y)

o LG (-5 ek
1
P

<pﬁ >k_1 p < k.
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Improvements

Three sources for the improvements:

@ Quasi-polynomial inverse sumset results (Croot-Sisask, Sanders
2010-2011).
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Improvements

Three sources for the improvements:

@ Quasi-polynomial inverse sumset results (Croot-Sisask, Sanders
2010-2011).

@ Improved estimates on equidistribution of nilsequences, or rather,
exponential sums of bracket polynomials (L. 2023).

o Quasi-polynomial Us*1[N] inverse theorem (L. 2023, L.-Sah-Sawhney
2024).
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Improvements

Three sources for the improvements:

@ Quasi-polynomial inverse sumset results (Croot-Sisask, Sanders
2010-2011).

@ Improved estimates on equidistribution of nilsequences, or rather,
exponential sums of bracket polynomials (L. 2023).

o Quasi-polynomial Us*1[N] inverse theorem (L. 2023, L.-Sah-Sawhney
2024).

@ Most of the rest of the talk will focus on equidistribution.
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Gowers Norm

We define for f : Z — C finitely supported

s+1 w
Il = > I c™fn+h-w)

nh,.hsi1 wE{0,1}s+1

where C denotes conjugation. For example,

1Flltey = D F(F(n+ h)f(n+ h)f(n+ by + hy).
nhl,h2

We define
N ={0,1,...,N—1}
11l us+rz)

f s+1 = .
I#lluesaing 11l us+rz)
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Inverse Theorem

Theorem (Green-Tao-Ziegler 2010)
Fix 6 € (0,1/2). Suppose that f: [N] — C is 1-bounded and

Hf”USH[N] > 0.
Then there exists a nilmanifold G /T of degree s, complexity at most M,

and dimension at most d as well as a function F on G /T which is at most
K-Lipschitz such that

[Enciy[f(n)F(g(n]] = €,

where we may take

d < 05(1) and 71, K, M < 05(1).
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Inverse Theorem Discussion

@ This is a deep theorem that has its roots in Ergodic theory in the
study of multiple ergodic averages (Host-Kra, Ziegler 2004).

James Leng (UCLA) Improved bounds for the inverse USt[N] Noi April 2024 11/38



Inverse Theorem Discussion

@ This is a deep theorem that has its roots in Ergodic theory in the
study of multiple ergodic averages (Host-Kra, Ziegler 2004).

@ Associates an algebraic object to the Gowers norm which is analytic.
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Manners Inverse Theorem

Theorem (Manners 2018)
Fix 6 € (0,1/2). Suppose that f: [N] — C is 1-bounded and

Hf”USH[N] > 0.

Then there exists a nilmanifold G /T of degree s, complexity at most M,
and dimension at most d as well as a function F on G /T which is at most
K-Lipschitz such that

[Enciy[f(n)F(g(n]] = €,

where we may take

d <6 %W and el K, M < exp(exp(6%M)).
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Improved Inverse Theorem

Theorem (L.-Sah-Sawhney 2024)
Fix 6 € (0,1/2). Suppose that f: [N] — C is 1-bounded and
Hf”USH[N] > 0.
Then there exists a nilmanifold G /T of degree s, complexity at most M,

and dimension at most d as well as a function F on G /T which is at most
K-Lipschitz such that

[Enciy[f(n)F(g(n]] = €,

where we may take

d < log(1/8)%W) and 7, K, M < exp(log(1/6)%M).
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Exponential Sums

Primary new component of the proof is the new equidistribution theorem |
proved. | will focus on equidistribution estimates for nilsequences, or
rather on exponential sums of bracket polynomials.
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Exponential Sums

Primary new component of the proof is the new equidistribution theorem |
proved. | will focus on equidistribution estimates for nilsequences, or
rather on exponential sums of bracket polynomials.

o Let e(x) = exp(2mix).
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Exponential Sums

Primary new component of the proof is the new equidistribution theorem |
proved. | will focus on equidistribution estimates for nilsequences, or
rather on exponential sums of bracket polynomials.

o Let e(x) = exp(2mix).
o Let E,cnf(n) = & Son=g f(n).
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Exponential Sums

Primary new component of the proof is the new equidistribution theorem |
proved. | will focus on equidistribution estimates for nilsequences, or
rather on exponential sums of bracket polynomials.

o Let e(x) = exp(2mix).
o Let E,cnf(n) = & Son=g f(n).
@ Let [x] be the nearest integer to x (rounded up) and let {x} = x —[x].
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Exponential Sums

Primary new component of the proof is the new equidistribution theorem |
proved. | will focus on equidistribution estimates for nilsequences, or
rather on exponential sums of bracket polynomials.

o Let e(x) = exp(2mix).

o Let E iy f(n) = & 05 £(n).

@ Let [x] be the nearest integer to x (rounded up) and let {x} = x —[x].
We wish to study exponential sums that look like

Eqerne(an[sn])
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Exponential Sums

More generally, we wish to control exponential sums

Eqcive(B(n))

where B is a (real) bracket polynomial.
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Exponential Sums

More generally, we wish to control exponential sums

Eqcive(B(n))

where B is a (real) bracket polynomial. Here are examples:
e B(n) = an[fn] with o, 5 € R
B(n) = an{fn} with a, B € R
B(n) = p(n) for some p € R[x]
B(n) = p(n){q(n)[r(n)]} where p,q,r € R[x].
More generally, anything you can create with the “bracket” and
“polynomial” operations.
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Inverse-type theorem

Consider

S = E,cine(an[Bn]).
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Inverse-type theorem

Consider

S = E,cine(an[Bn]).
If a,8 =0, then S =1.
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Inverse-type theorem

Consider
S = Epene(an[Bn]).
If o, 8 =0, then S = 1.
Conclusion: cannot have a nontrivial uniform estimate on exponential

sums of all bracket polynomials. However, we can hope to prove some
inverse-type estimate:

Problem

If [Eqcinje(an[Bn])| > 6 (and 6 is suitably small compared to N), can we
hope to prove something about o« and 37
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Previous Literature

Theorem (Green-Tao (2007), Tao-Teravainen (2021))

If [Eqcinje(an[Bn])| > 6, and 6=9() <« N, then there exists some integers
ki, ko with |k;| < 6=°() and

[kror + koBlrjz < 6~ /N.

Here, A < B denotes A < CB for some constant C, and ||x||g/z is the
distance from x to the nearest integer.
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Many Bracket Terms
A more representative example of the situation could be
d
B(n) = ain[Bin].
i=1

Theorem (Green-Tao 2007, Tao-Teravainen 2021)

If |Eneive(B(n))| > 6, and 6~ exp(0(d°M)) « N, then there exists
ki, ko € 79 with |ki| < 6~ PO apg

ka6 + k- Bllgyz < 6= /N,
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Double Exponential in Dimension

@ For applications, one really cares about dimension dependence.
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Double Exponential in Dimension

@ For applications, one really cares about dimension dependence.

@ Bounds are double exponential in dimension.
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Double Exponential in Dimension

@ For applications, one really cares about dimension dependence.
@ Bounds are double exponential in dimension.

@ One also obtains bounds double exponential in dimension for
exponential sums of arbitrary bracket polynomials.*
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Double Exponential in Dimension

For applications, one really cares about dimension dependence.

Bounds are double exponential in dimension.

@ One also obtains bounds double exponential in dimension for

exponential sums of arbitrary bracket polynomials.*

Major obstacle is induction on dimensions. A parameter decrease of
. . e d

§ — 62 is unacceptable since it iterates to §2°.
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Improvement*

As before, let

d
B(n) = Z a;n[pB;in].
i=1

Theorem (L. 2023)

If [Eqeinye(B(n))| =6, and 5-0d°Y) « N, then there exists ky, ko € Z
with |ki| < 6~ °@°Y) and

ki - @+ ko - Bllgjz < 6" /N.

*The much stronger statement that there are “enough linear relations” to

reduce to a “lower degree bracket polynomial” holds and will be discussed
later.
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Sketch of Proof

Start with

d
B(n) = Za;n[ﬁ;n]
i=1
S = Eneme(B(n)).
Suppose |S| > 6.
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Sketch of Proof

Start with ;
B(n) = Za,-n[/j’,-n]
i=1

S = Eneme(B(n)).

Suppose |S| > 6. Apply the van der Corput inequality to obtain that there
are 6°MN many h € [N] such that

Ecine(B(n+ h) — B(n))| > §°0.
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Bracket Analysis

Consider a(n+ h)[B(n+ h)] — an[SBn].
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Bracket Analysis

Consider a(n + h)[B(n+ h)] — an[Bn]. We may expand

a(n+ h)[B(n+ h)] = an[B(n+ h)] + ah[B(n+ h)].

James Leng (UCLA) Improved bounds for the inverse USt[N] Noi April 2024 22/38



Bracket Analysis

Consider a(n + h)[B(n+ h)] — an[Bn]. We may expand
a(n+ h)[B(n+ h)] = an[B(n+ h)] + ah[B(n+ h)].
We may expand

an[B(n+ h)] = an[Bn] + an[h] — an([5(n + h)] — [Bn] — [BA]).
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Bracket Analysis

Consider a(n+ h)[B(n+ h)] — an[Bn]. We may expand
a(n+ h)[B(n+ h)] = an[B(n+ h)] + ah[B(n+ h)].
We may expand
an[f(n+ h)] = an[fn] + an[Bh] — an([5(n + h)] — [Bn] — [Bh]).

Observe however that

an([8(n + )] ~ [8n] — [8K]) = an({Bn} + {Bh} — {B(n + h)})
= {an}({Bn} + {8h} — {B(n+ )}) (mod 1

We now analyze a term of the form e({an}{5n}).
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A Key Observation

Consider e({an}{5n}) and H(x,y) = e(xy).
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A Key Observation

Consider e({an}{5n}) and H(x,y) = e(xy). One can view H as a
piecewise-smooth function on (R/Z)? by identifying (—1/2,1/2]? with
(R/Z)?.
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A Key Observation

Consider e({an}{5n}) and H(x,y) = e(xy). One can view H as a
piecewise-smooth function on (R/Z)? by identifying (—1/2,1/2]? with
(R/Z)?. Modulo issues near the boundary, we can approximate
e({an}{Bn}) in LY[N] by F({an},{Bn}) where F is smooth on (R/Z)>.
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A Key Observation

Consider e({an}{5n}) and H(x,y) = e(xy). One can view H as a
piecewise-smooth function on (R/Z)? by identifying (—1/2,1/2]? with
(R/Z)?. Modulo issues near the boundary, we can approximate
e({an}{Bn}) in LY[N] by F({an},{Bn}) where F is smooth on (R/Z)>.
We may now Fourier expand F:

F(fany, {6n}) = > anke(kifant + k{Bn})+ 0(s%)

Ik|<5-0w

with |ay, k,| < 1. However, e(ki{an} + ko{Bn}) = e(kian + ko3n)!
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A Key Observation

Consider e({an}{5n}) and H(x,y) = e(xy). One can view H as a
piecewise-smooth function on (R/Z)? by identifying (—1/2,1/2]? with
(R/Z)?. Modulo issues near the boundary, we can approximate
e({an}{Bn}) in LY[N] by F({an},{Bn}) where F is smooth on (R/Z)>.
We may now Fourier expand F:

F(fany, {6n}) = > anke(kifant + k{Bn})+ 0(s%)

Ik|<5-0w

with |ay, k,| < 1. However, e(ki{an} + ko{Bn}) = e(kian + ko3n)!
Crucially, given d many brackets, this operation loses at most §0(d°0)
which is an okay factor to lose.
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Collecting Data

e B(n+h)—B(n) =
Z;le ain[Bih] + a;h[Bin] + a;h[B;h] 4+ [Lower order terms] (mod 1).
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Collecting Data

e B(n+h)—B(n) =
Z;le a;n[Bih] + a;h[Bin] + a;h[Bih] + [Lower order terms] (mod 1).
@ Here, lower order terms denote terms that look like

{an}{Bn},{an}{Bh}, or {ah}{h}.
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Collecting Data

e B(n+h)—B(n) =

27:1 a;n[Bih] + a;h[Bin] + a;h[B;h] + [Lower order terms] (mod 1).
@ Here, lower order terms denote terms that look like

{an}{Bn}, {an}{Bh}, or {ah}{Bh}.
o Slogan: Fourier expand lower order terms.

@ Since we are summing |E,e(B(n+ h) — B(n))|, ajh[5;h] terms do not
matter.
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More Bracket Manipulations

We may write

a;n|Bih] + a;h[Bin] = ain(Bih — {Bih}) + {aih}(Bin — {a;in}) (mod 1)
= Bin{ajh} — ain{Bih} + «;Binh + [Lower order terms]
= (n-{yh} + &{nh + [Lower order terms] (mod 1)

=,

where ¢ = (3, —a) and v = (&, ),

—

&:(Oél,...,ad),ﬁ:(,81,...,,3,1).
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Continuatation of Argument
Hence, for SN many h € [N], we have

[Eneinvje(Cn - {yh} + &nh + [Lower order terms])| > 50,
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Continuatation of Argument
Hence, for SN many h € [N], we have

[Eneinvje(Cn - {yh} + &nh + [Lower order terms])| > 50,
By Fourier expanding the lower order terms, we obtain

Enein Z ao ge(Cn- {yh} +&nh+ o/ n+ B'h)| > §°0)
a/”BI

where

Z |aa/ /3'| < 570(d0(1)).
a/,ﬂl
Applying the pigeonhole principle, we can find o/ such that

|Ence(Cn - {yh} + Enh + o'n)| > 6907,
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Continuatation of Argument
Hence, for 5°MN many h € [N], we have

|Encve(¢n - {yh} + Enh + [Lower order terms])| > 501

By Fourier expanding the lower order terms, we obtain
Enein Z ao ge(Cn- {yh} +&nh+ o/ n+ B'h)| > §°0)
a/”BI

where

Z law | < §—0(d°W)
o B
Applying the pigeonhole principle, we can find o’ such that
|]En€[N]e(<n . {’yh} + fnh + O/n)| > 6O(d0(1))_
So

50(d%)
I {vh} +Eh+d|lgjz < N
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Bracket polynomial lemma

Lemma (Green-Tao 2007)

Let N, > 0 be fixed with 0 < § < 1/10 and a,a € RY and 3 € R, with
|a| < 1/6. Suppose there are at least N many n € [N] such that

1
16+a-{an}l/z < s

Then either ||a]|co < 5_O(do(l))/N or there exists a nonzero vector ) € 7.9
0(1)y
with |n| < §~0(d° ") such that 17 - allg/z < &.
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Refined Bracket Polynomial Lemma

Lemma (L. 2023)

Let N, 8, M, K > 0 be fixed with 0 < § < 1/10 and a,a € R and B € R,
with |a| < M. Suppose there are at least 6N many n € [N] such that

K
18+ a-{an}r/z < N
Then either N < (MK/(S)O(dO(l)) or else there exists d > r > 0,

wi,...,w, € Z9 and NyeeesNder € 79 such that w;,n; are linearly

independent, |w;|, |n;| < (5/M)*O(d0(1)), (wi,mj) =0, and
_ o(1)
(6/MK)~OL™)
-] <
’W/ | — N
_ o(1)
(6/MK)~O™™)
.. < )
I - gz < O )
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Aftermath

@ This is where “induction on dimensions” is beaten.
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Aftermath

@ This is where “induction on dimensions” is beaten.

@ The refined bracket polynomial lemma gives “enough linear relations”

on (@, B) so that when we simplify it, (n- {yh} becomes a “lower
order term.”
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Aftermath

@ This is where “induction on dimensions” is beaten.

@ The refined bracket polynomial lemma gives “enough linear relations”

on (@, B) so that when we simplify it, (n- {yh} becomes a “lower
order term.”

@ One can bootstrap this procedure to compute equidistribution
estimates for arbitrary bracket polynomials, also with good bounds.
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Proof of the refined bracket polynomial lemma

Idea: iterate Green-Tao.

James Leng (UCLA)

m]

=)
Improved bounds for the inverse UST1[N] Noi



Proof of the refined bracket polynomial lemma

Idea: iterate Green-Tao. Suppose

la- {ah} + Bllr/z = O(1/N)

for 6N many h € [N].
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Proof of the refined bracket polynomial lemma

Idea: iterate Green-Tao. Suppose

la- {ah} + Bllr/z = O(1/N)

for 6N many h € [N]. If |a| is small, then the iteration terminates.
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Proof of the refined bracket polynomial lemma

Idea: iterate Green-Tao. Suppose

la- {ah} + Bllr/z = O(1/N)

for 6N many h € [N]. If |a| is small, then the iteration terminates. If |a] is
not small, there exists some 1 < (6/M)_O(do(l)) such that |- aflg/z ~ 0.
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Proof of the refined bracket polynomial lemma

Idea: iterate Green-Tao. Suppose

la- {ah} + Bllr/z = O(1/N)

for 6N many h € [N]. If |a| is small, then the iteration terminates. If |a] is
not small, there exists some 1 < (5/M)_O(do(l)) such that |- aflg/z ~ 0.

mai+ -+ ngag =0 (mod 1).

Suppose for simplicity, 71 = 1 and & were a genuine equality.

James Leng (UCLA) Improved bounds for the inverse USt[N] Noi April 2024 30/38



Proof of the refined bracket polynomial lemma

Can write ag in terms of ag, ..., ay, thus, lowering the dimension of a by
1.
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Proof of the refined bracket polynomial lemma

Can write ag in terms of ag, ..., ay, thus, lowering the dimension of a by

1. Hence, letting § = (0, arn1 — ainz,asni — ainz,...,adnN — alnd), we
have

a-{ah} = 5. {ah} + a1 P(h)
P(h) = {a1h} + m{azh} + - - - + na{agh}
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Proof of the refined bracket polynomial lemma

Can write o in terms of ap, ..., ay, thus, lowering the dimension of a by
1. Hence, letting § = (0, arn1 — ainz,asni — ainz,...,adnN — 31?7(/), we
have

a-{ah} =3 -{ah} + a1P(h)
P(h) = {a1h} + mo{azh} + -+ + ng{agh}
By pigeonholing in the value of P(h), we may pass to the hypothesis that
I3+ {ah} + Blle/z = OQ/M)

where 3 has first coordinate zero, so it is dimension d — 1.
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Proof of the refined bracket polynomial lemma

Can write o in terms of ap, ..., ay, thus, lowering the dimension of a by
1. Hence, letting § = (0, arn1 — ainz,asni — ainz,...,adnN — 31?7(/), we
have

a-{ah} =3 -{ah} + a1P(h)
P(h) = {a1h} + mo{azh} + -+ + ng{agh}
By pigeonholing in the value of P(h), we may pass to the hypothesis that
I3+ {ah} + Blle/z = OQ/M)

where 3 has first coordinate zero, so it is dimension d — 1. There are
several problems with this iteration.
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Problem 1: |4| might get too large

We naively have |3| < 2|n]||a|, and combined with |a] < M, this leads to an
iteration of M — (M/§)0(d°"),
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Solution 1: Use Minkowski's Theorem

Theorem

If K C RY is a convex body symmetric about the origin with vol(K) > 29,
then K contains a nonzero point in Z.9.

Apply this to a tube lying in the direction of a. This implies that we can

choose 7 to lie very close to the direction of a. This will in fact give
8] <al.
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Problem 2: Pigeonholing in P is expensive.

P(h) takes (M/é)o(do(l)) many values. Pigeonholing in one of these values

causes the SN many h’s we work with to decrease to (5/M)°(d° N
many h's. This is quite problematic as it causes the iteration of

5 (5/M)OWdo™),
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Solution 2: Fourier expand lower order terms

Notice that the level set {h: P(h) = ¢} is “Fourier measurable.” By
pigeonholing in a value of ¢, one relinquishes this information.
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Solution 2: Fourier expand lower order terms

Notice that the level set {h: P(h) = ¢} is “Fourier measurable.” By
pigeonholing in a value of ¢, one relinquishes this information.
|a-{ah}+ Bllr/z = O(1/N) for SN many h € [N] is roughly equivalent to

|Encinvye(an - {ah} + gh)| > K1>1

for N many h € [N] with N’ > N. Then the hypothesis after accounting
for n becomes

|Enenye(dn - {ah} + Bh+ {a1n}P(h))| > K™

for 6N many h € [N].
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Solution 2: Fourier expand lower order terms

Notice that the level set {h: P(h) = ¢} is “Fourier measurable.” By
pigeonholing in a value of ¢, one relinquishes this information.
|a-{ah}+ Bllr/z = O(1/N) for SN many h € [N] is roughly equivalent to

|Encinvye(an - {ah} + gh)| > K1>1

for N many h € [N] with N’ > N. Then the hypothesis after accounting
for n becomes

|Enenye(dn - {ah} + Bh+ {a1n}P(h))| > K™

for N many h € [N]. Then by Fourier expanding the lower order terms, we
no longer obtain horrible losses in §. The losses instead get shifted to K.
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Problem 3: Loss in K is quite bad

. . . . o .
This could be quite bad, since this incurs losses of K — K@ (1)), which
iterates to double exponential bounds in iteration.
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Solution 3: “remember” the bracket polynomial from
previous iterations

Instead of iterating
la- {ah} + Bllr/z = O(1/N)
we iterate
[Eneinne(dn - {ah} + Bh+ Pi(n, h))| > KL
With new lower order terms, we simply append to the old lower order

terms. This iteration is of the shape K; = K OUd)°D) \which is single
exponential in dimension.
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James Leng (

Thank you!
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