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» The first non-ergodic proofs of this fact appeared in the mid 2000's.
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» If ||fi|lukx = O for some i, the limit in (1) is O; if ||fi||qkx > O then f; correlates with a nilfunction.

» This served as an impetus for the inverse conjecture/theorem for Gowers norms.
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Let A : N — {—1,1} be the Liouville function (A(p) = —1 for prime p and A(nm) = A(n)A(m)).
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> A proof that || Al|kxn = O for all k would imply (logarithmic) Chowla conjecture.
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Using this result they showed that in any finite coloring of N there is a solution to 9x2 + 16y? = 22

with x and y of the same color.
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Question: What about rational «?
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If AC N has d(A) > 0 then for every k € N there exist infinite sets By, ..., Bx C N such that
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The proof involves the same “cube measures” developed by Host and Kra.
Conjecture
If AC N has d(A) > 0, then for every k € N there exists infinite B C N and t € N such that

{by + -+ by : b; € B are distinct} C A—t.

It is not difficult to recast this question in terms of (k + 1)-term “dynamical progressions"”.

Conjecture (“Density version” of Hindman's theorem)
If AC N has d(A) > 0 then for each k € N there exist t € N and infinite B C N such that

{Zn:FCBwithO<F|§k}CA—t.
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B 4+ mB is monochromatic?
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Theorem (Tao-Ziegler, 2023)
There exist infinite sets B, C C N such that {b+c:be B,ce C,b<c} CP.



