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1. Gabor families and their pre-Gramian matrix

Definition: Gabor family, Gabor frame
Let g € L2(R) and «, 3 > 0. The set

g(g7a7ﬂ) - {M/B Tkag = eZ'/ri,BI-g(. = Otk) : k7l S Z}
is called a Gabor family. If there exist constants A, B > 0, such that

AlfIE < Y K, MpTkag)? < BIIf|5  forall f € [*(R),
k,I€Z

then G(g, «, B) is a Gabor frame, and A, B are called lower and upper frame
bound.

Result: For every Gabor frame, there exists another Gabor frame G(v, a, 8)
such that
f= Z (f, Mig Tka9) Mig Tiay
k,/IeZ
holds for all f € L2(R). The function v € L2(R) is called a dual window of g.
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Problems addressed in this talk:
P1 Describe a class of functions g € L?(R) such that
g(gaO‘?ﬂ) = {M/,B Tkag = eZwiﬂl-g(. - ak) : ka NS Z}

constitutes a frame of L2(R), for all lattice parameters

(o, ) € F={(x,y) €R% : xy < 1}.

4
s ap=1 The maximal set F:
@ Daubechies 1992
2 Benedetto, Heil, Walnut, 1995
1
00 1 2 3 4 5
o
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Problems addressed in this talk:

If (g, a, B) is a frame of L?(R),

find explicit dual windows ~ € L?(R).

If (g, , B) is a frame of L2(R) forall 0 < 8 < o',

find the rate at which the lower frame bound decreases near the critical
density 3 a1,
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Link between Gabor frames and matrix analysis

Theorem [Janssen 1993, Ron and Shen 1997]
The set G(g, o, 3) is a Gabor frame for L2(R) with bounds A, B > 0

if and only if

the (pre-Gramian) matrices

Py(x) = (g(x +jo - £))

J,KEZ

satisfy
BA||c||® < [|Pg(x)c|? < BBl|c|?

for almost all x € [0, ) and all ¢ € ¢>(Z).

Py(x) is a bi-infinite matrix which defines a bounded operator on ¢>(Z),
which is also bounded from below, with bounds independent of
x €10, ).

Joachim Stéckler (TU Dortmund) - Gabor Frames of Totally Positive Functions and Estimates of their Frame Bounds - Applied Matrix Positivity II, ICMS 2024



Link between Gabor frames and matrix analysis

Moreover, G(v, a, 8) is a dual Gabor frame, if the pre-Gramian matrices

P, (x) = (V(X e= %))/,kez

satisfy

P (x)*Py(x) = ide(z) fora.e. x € (0,a),

esssup || Py (X)]|ez_sez < 00;
X

that is, P,(x)* is a uniformly bounded set of left-inverses of Py(x).
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Link between Gabor frames and matrix analysis

Formulation in terms of sampling in shift-invariant spaces:

The columns of
Pox) = (g0x +jo =),

refer to a shift-invariant subspace
V2(g) = closspan {g(- — k/B)} C L3(R).

Its rows refer to sampling points {x; = x + ja; j € Z}.
The frame bounds A, B > 0 are characterized by

BA|cllz < Z [f(x + af)|? < BB||c||> for all ¢ € £2(Z),

JEL

where we set fo = >, ., ckg(- — k/B) € V3(g).

Joachim Stockler (TU Dortmund) - Gabor Frames of Totally Positive Functions and Estimates of their Frame Bounds - Applied Matrix Positivity Il, ICMS 2024



2. Matrix analysis for “painless” frames

g compactly supported, 8 < (length(supp g))~", af < 1
G(g, a, B8) has the frame bounds A, B > 0, where

9A= c(g.a) = essinf Y [g(x + jo) .

jez
BB = C(g,a) := ess supz lg(x + ja) 2.
X =
The “painless” frame bounds, if
T supp g = [0, 6]:
ot Daubechies, Grossmann, Meyer 1986
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Proof:

The assumption 1/8 > length(supp g) implies that the nonzero entries in the
columns of Py(x) do not overlap. It is a simple task to write down the
Moore-Penrose pseudoinverse I'(x) of such a matrix:

a b1

Pg(x) = : , T =
ar br

with b; = a;/||al|?.
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3. Matrix analysis for rational lattice parameters
For a rational lattice density
aﬁzge@, p.qeN, 0<p<q, ged(p.q)=1
and all pairs (j, k) = (gm, pm) with m € Z we have
1jp—kq _

k
X+jo——==X+—
Jo= 7 5 g

The pre-Gramian satisfies Py(x + ja) = Py(x). In other words, it is a
block-Toeplitz matrix

Py P, P_
Pg(X) = S P1 Po P_1
P Py P

Pm = Pm(x) = (9(x + gma + jo — k/[j)) osj<a-t for meZ.

<p-—1
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Matrix analysis for rational lattice parameters

Optimal frame bounds can be obtained from the symbol of the
corresponding Laurent operator

og(X.w) = Y Pm(x)e "™,

mez
namely
(BA)~! = esssup (ess sup (ag(X,w))T)
X w

BB = esssup <ess sup (og(X, w)))
X w

This observation can be translated into the Zibulski-Zeevi condition,
which uses a q x p-matrix of Zak-transforms of g.
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4. Methods for Gabor frames of totally positive
functions

I. J. Schoenberg started an extensive investigation of totally positive functions
in 1947:

Definition

A non-constant measurable function g : R — R is fotally positive, if it satisfies
the following condition: For every two sets of increasing real numbers

X1 <Xp < <Xy,  Y1<ya<--<yn, NEN,
we have the inequality

D = det [g(x; — YK)]1gj,ng 20,
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Methods for Gabor frames of totally positive functions

Schoenberg showed that g is totally positive and integrable, if and only if
its Fourier transform is

eZTriw/al,

A~ 2 i ad
g(w) = Ce W +2midw L ——
() E 1+ 27iw/a,

with real parameters C,~, §, real a, # 0 satisfying

C>0, ~>0, O<7—|—Za;2<oo.
v=1

We consider the sub-class of totally positive functions of finite type:

m

dw)=cJ] 0 +2niw/a,)",

v=1

with real ay,...,an #0, C > 0.
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Examples of totally positive functions of finite type

sums of one-sided exponentials:
m
0<g(x) =) e * xpo)(X) € CT4(R),
v=1

with ay, ..., an > 0; coefficients ¢, come from divided difference

9(x)=lar,....am | €] x[,00)-

two-sided exponentials, e.g.
9(x) = €™ X(—x00) + € P Xpo.c) € C(R),, a,b>0;

Variants including polynomial factors, e.g.
9(x) = x"e™* Yj0.00) € C"(R).
Observation: The functions decay exponentially. The set of TP functions of
finite type is closed under translation, dilation and convolution.
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Problem P1: frame-set

Assume that g is a totally positive function of finite type m > 2.

Then G(g, «, B) is a Gabor frame, if and only if a8 < 1.

. TP functions of finite type and
2 the maximal set
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Problem P2: dual windows

Furthermore, let r := Lﬁj, and assume that in the definition of the Fourier
transform g,

ny is the number of positive a,’s,

n, is the number of negative a,’s.

Then we construct, for each L € N, a dual window ~; with compact support

supp L C [~ I8+ — o, LBEL 4 .
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Example:

Gl vindow yfora-1 -2 (N-12) i window o =12 (4-21)

Conjecture: the sequence of duals ~; converges to the canonical dual
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Proof by matrix analysis of the pre-Gramiam

Choose g with

g(w) = f[ (1 +2riw/a,)"',  a,....,a, € R\ {0}.
v=1

Fix « = 1. (All other cases by scaling of g.)
The pre-Gramian

Pg(x) = (9(x + ] — K/B))j kez

is a bi-infinite totally positive matrix. It is fully populated, if some a,’s
are positive and some are negative.
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Matrix product with invertible bidiagonal matrices:

In a first step, we obtain a slant-banded matrix by the following operations:
The function Ny with

n

Ng(ew) = TT (1 - e~ +27)) g(w)

v=1
is an exponential B-spline with compact support [0, n]:
Ng(x) = Ce=#Uyjo 1) * €720 y0 4y % ... x €@y
The pre-Gramians of g and Ny are related by
Pn,(x) = By -+ By Py(x),
where B, is a bidiagonal (biinfinite) invertible Toeplitz matrix

B,=1—e %Dy, Dy = (5k,j+1)j,kez~
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New pre-Gramian Py, :

The pre-Gramian Py, (x) has at most n nonzero entries per column.

The sequence of row indices ji of the first nonzero entry of column k is
strictly increasing with gaps; more precisely

jk+f —jk >r+1 with r:= |-171a,8J'

X X k
X x|
X X X <k
X X X
Pn,(x) = X X
X X
X X
X X
X
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New pre-Gramian Py, :

The pre-Gramian Py, (x) has at most n nonzero entries per column.

The sequence of row indices ji of the first nonzero entry of column k is
strictly increasing with gaps; more precisely

jk+f —jk Z r+ 1 W|th r.= I—'ljiaﬁj

X X
X X
xX X X
X X X
Pn,(x) = X X
X X
X X
X X
X
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New pre-Gramian Py, :

Results in Approximation Theory (Karlin 1968, Schumaker 1981, Gasca,
Pena et al. 1992): Every finite block of Py, (x) is almost strictly totally
positive, i.e.

every minor is non-negative,
the minor is strictly positive iff its diagonal entries are positive.
A left-inverse Ty, of Py, (x) is constructed by

choosing a finite block Py, (1 : j2, k1 : k2) of full column rank,
such that only zeros appear to the left and right in the same rows of Py,

taking rows from the Moore-Penrose pseudoinverse of this block as the
nonzero entries in corresponding rows of 'y, (x).
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Gabor frames with window function N,

Let Ny be an exponential B-spline of finite order n. Then G(Ny,1,5) is a
Gabor frame forall 0 < g < 1.

Furthermore, G(Ny, o, 3) is a Gabor frame in the following cases:

(1) 0<a<mand0< B < m ' (“painless”),

@ ac{1,2,....m—1},5>0and af <1,

B) a>0,8c{1,27"...,(m-1)""}and aB < 1.

lattices

| EeL T

o 1 2 3 4 5 6
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Example: Exponential B-splines (top) with two duals

A=(2-112) A=(123)
1 30
20
0.5
10
0
-4 -2 0 2 4 6 8 -2 -1 0 1 2 3 4 5
20 0.2
10 0.1 ’\ 1
0 0
-10 -0.1
-2 -0.2,
0 -4 -2 0 2 4 072 -1 0 1 2 3 4 5
1 0.2
0.1
0.5
0
0
-0.1
05 -02
-4 -2 0 2 4 6 8 -2 -1 0 1 2 3 4 5
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Previous work:

Explicit duals v € C™2(R) with compact support were constructed, if
B < (2m)~" (Christensen, Massopust 2012, Nielsen 2019)
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Matrix analysis for explicit frame bounds

Nonsingular totally positive matrices P € R™*™ can be factorized in
terms of m — 1 lower (and m — 1 upper) bidiagonal matrices of the form

B, =1+D, with D, = (0, ;0jt1k)jk=1,..m

(and their transpose), combined with a diagonal matrix with positive
entries. See Gasca, Pena, 1995.

Here, d; > 0 are factors in the complete Neville-elimination, first
transforming P into an upper triangular matrix U and then transforming
UT into a diagonal matrix, by subsequent row-operations.

If P has bandwidth s, the number of factors is reduced from m — 1 to s.
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Matrix analysis for explicit frame bounds

The simple relation

_A

m= .
(I+D,) (-D,)
j=0
allows us to obtain the following result:
fo<d <1—ecforall1<j<m—1,then|(/+D,) "<

Take a finite block P € RP*™ of Py, (x) with p > m with the following
properties:

P has full rank.

P has a slanted band-structure as in Py, (x).

P contains all nonzero entries of Py, in the corresponding rows.
Find a factorization with s invertible bidiagonal matrices B, = I + D,
suchthat0 < d,; <af < 1.

Then the lower frame bound satisfies
AT =0((1-aB)™®).
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A first example

The even exponential B-spline of order 2 is defined by

sinh(AX) 0<x<1
)\ b f— f— b
Bz (x) = (e*Oxpo,1) * € *xo,11) (%) =
sinh(A(2 — x)) 1<x<2
A ’ -

The lower frame bound of G(Bs, 1, 8) satisfies

ao(1-p)<A for 1/2<p8<1

with explicit constant ¢, > 0.
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Example:
The exponential B-spline of order 2 with exponents A = (—1,1) is
sinh X, x €[0,1],
Bs(x) = ¢ sinh(2 — x), x€(1,2],
0 otherwise.

The bounds for A are shown on the left, the bound for the related TP function
9(x) = e **I are shown on the right. (right figure).

681 cigi )
— > 12 ]
. o nume
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Explicit frame bounds by other methods:

The Gaussian window g(x) = e~ satisfies the same asymptotic
relation

A'=0((1—ap) ") for aB — 1.
(Borichev, Gréchenig, Lyubarskii 2010; methods of proof from complex
analysis)
Upper bounds of both frame bounds A, B for more general Gabor frames
in RY (without the requirement of a lattice structure for time-frequency
shifts) were recently obtained by K. Grdéchenig, J. L. Romero and M.
Speckbacher.
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Ongoing research

Quantitative results for the decomposition of full-rank TP matrices would be
of great benefit. They are useful for

Gabor frames: sharp estimates of the frame bounds

theory of sampling in shift-invariant spaces generated by TP functions
and (exponential) B-splines.
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