When the circular dilatation at a point equals one
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Abstract

We discuss geometric and analytic conditions implying certain lo-
cal behavior of quasiconformal mappings at a point in the plane
where the circular dilatation (a.k.a. linear distortion) equals one,

e.g. conformality, C1* conformality, asymptotic homogeneity, Weak
conformality, or maximal stretch for the q.c. map at that point.

Some results include extensions of the Teichmiiller-Wittich—Belinskii
theorem. Besides being of interest by themselves, they enjoy applica-

tions in Nevanlinna theory, modulus of continuity studies, complex

dynamics, the theory of p-integrable Teichmiiller spaces, some of
which are highlighted.




Circular Dilatation of a homeomorphism
o Let (2 be a domain in C.
e Let f: 2 — C be a homeomorphism.
e Let 25 € Q.
e Let 7 > 0. Then D(zp,7) ={z: |2 — 2| <7},D=D(0,1)

The circular distortion of the circle |z — 25| = r under f is

max |f(z) = f(20)|

|z—20|=r

min | f(¢) — f(z0)]

|z—zo|=r

Hf(z()? 7") -

The circular dilatation (a.k.a. linear distortion) of f at zj is

Definition 1 (Metric Definition) Let f : 2 — C be an colorblueorientation—
preserving homeomorphism. Let 1 < K < oco. One says that f is K-
quastconformal in €2 iof and only

e sup Hy(z) = M < oo.

z€Q)

o Hi(z) < K a.e. in Q.

[O. Lehto, K. Virtanen, Springer Verlag, 1973,

[L. Ahlfors, Lectures on quasiconformal mappings, 2006]
[K. Astala, T. Iwaniec, G. Martin, PMS, 2009 ]

and others.



Qusiconformal Mappings—analytic properties

Let ) C1 C - domain, f : Qlé C K-quasiconformal
o f.= §(f:c—lfy)7 Jz= §(fx+lfy)
o fis ACL = fis a.e. differ. = Af = f.Az+ [ZAZ+ 0o(|A4), Az — 0.

olv

T 1 ‘K i
1 du
e the Jacobian is Jy = |f,|* — |f:]* > 0 a.e.
e the real dilatation is Dy = M < K for a.e. z € Q.
|fa| = | f]
> K -1
e the complex dilatation is py = %, eslloo < 1 < 1.
e the directional derivative is
Jfo=f.+ fée_%au o € [07 27)
e the directional dilatation is
min|fa‘ 1 ‘fa|2 |1+Nf€_2m’2 mgx\fa\
max|[fa| Dy Jy 1 — |py] min | fo|

oo 1P A 1P
Dp -1 T:;‘wlg -7
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e At a regular point z € Q, H¢(z) = Dy(2),= Hy = Dy a.e. in €.

Re(ppe™) + |ps|?

Dig—1=2
he L Juyl?

e The Measurable Riemann mapping theorem. Given a measurable
p € Q, st ||pl|lo =k < 1, there exists a unique (up to normalization) K-

satisfying the Beltrami equation

. : +
quasiconformal mapping, K = 1

f=unf, ae in Q.

e Let |u(z)| < 1 be a measurable function in 2. An AC'L sense-preserving
homeomorphism f : @ — C with Jy > 0 a.e. that satisfies the Beltrami
equation a.e. is called a y~-homeomorphism.



o If f is a K-quasiconformal mapping in €2 and Hy =1 a.e. in {2 then f is
conformal in 2.

Let 2o = 0, £(0) = 0,Q = D.

o If hmM A # 0 then H;(0) = 1.
=0 z
o f(2) = 2(1— log]2). |
o 5
Mf_1—210g|z\' A
H¢(0) =1 and £%uf = 0.

o f(Z) — . eiloglog(ﬁ).
1 z L ,\\u

1+ 2ilog(e/|z|) z
H¢(0) =1 and lim0 pr = 0.
2—

Hf=

o f(z) = zell-loslzD),

Z \ ,j‘/ S ;"”"‘\—»x
ST \ S
H(0) =1 and £1_>H(1) py 7 0. M

o
=
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1 1 1
e (A. A. Gol'dberg.) Let H, =1+ 5+ 3 + ... + — be the n—th partial
n

sum of the harmonic series. Consider f(z) = A(r)e?, where

and
_ _ _ 2
As(r) 23 8Hot1 « < p=3Hn—727

fre?y =re? whenr =e 3 n=1,2,...
o—3H,

lim ——— =1, the mapping [ is conformal at z = 0.
n—o0 €_3Hn+1
1

Dy(re?) =2 a.e. and ps(re?) = —gem a.e., Hp(0) = 1.
Teichmiiller’s Modulsatz

| /]
[
[ ]

e 0 <r <R & ={z:7r < |z] < R} with conformal module M =

1
— log Rr.
o og Rr

e & and &”, ring domains, separating 0 and oo, inside G, & separes 0
from &” with conformal modules M’ and M"”

o M+ M" < M.
e Ve > 0 there exists 0 = d(e) (independent of R,r &' &") such that

2

d(g) ~ 6—1, as € — 0 and such that
log —
3

M+M'>M-0 =

the set of points that lie in & between &’ and &” belongs to the circular
ring

1 1 1
—logr+ M' —e < —log|z| < —logR— M" +e.
2T 27 2T
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— %longrM’—eS%logM < s-logr+ M +6+¢



Sufficient and necessary conditions for the circular dilatation to
be equal to one.

Let f: D — D, f(0)=0.
o Let 0 <y <1 <7, A(ro,m1) = {2110 < |2] <11}

o M(ry, 1), Ms(ra, 1) are the conformal modules of A(re, 1) and f(A(r2,71)),

-
M(rqy, 1) = Dy log T—;

N .H#f&, '4)
M(rs)
aas ",«.&,fo)
o B / / M (e,
i3 ngr.“ fo

Theorem 2 ([Teichmuiller 58, Deutsche Math.] Sufficient and necessary con-
ditions for H;(0) =1.)

e H¢(0,71) -0, 11 = 0= limO{Mf(rg,ro) — My (rg, 1) — Ms(r1,70)} = 0.
ro—

1
e IfV6>0,3X,Vro<r <rg< X’ My (ra,m1) > X, Mg(ry,ro) > X im-
plies { My (re,r0)—Ms(ro,m1)—Ms(r1,70)} < 0 = Hy(0,71) — 0, 71 — 0.



e Let C(|z|) be a continuous function such that D;(z) < C(|z|).

1 1

1 1 dr 1 dr

= M = ar

2 ) C(r) r < My(rz,m) < s /C’(r) r
1 ™ 1 1 dT’
— M g < — T
My(rary) - -log 2 < 5 [ 0() - 1)

T2

. 1 1 .
o If r111£n>OMf(r2,r1) — %logr—2 =0=3JaeR |£1|E>1010g‘f(z)| —log|z| = a.

o Ifw=f(2):D—D,f(0)=0is K-q.c. and
1

dr

Jew-vT
0

converges = 3y > 0 such that |f(2)| ~ v|z], 2 = 0.

e Teichmiiller-Wittich theorem
IfIfw= f(2):D— D, f(0) =0is K-q.c., and
A;
[ 0 -1Z

|z|<1

converges = vy > 0 such that |f(z)| ~ v|z|,z — 0.

e ¢>0,and [(C(r)—1) < const - r° then there exists & € R
0

c
c+2

|2

c+2 /log ’Zl

|log |f(2)] —log|z| — a| < const -



Sufficient conditions for conformality at 0

[ ]
[ ]

Theorem 3 (1. W.-Belinskii-Lehto) Let f be a quasi-conformal mapping in

2| <1, f(0) =0. If
|y (2 dA,
< 0
//1—|Mf )2 [z]?

[ s - 1)

|2|<1 |z]<1

then f 1s conformal at z =0, namely 3y > 0,

lim f(z) =
z—0 Z

Theorem 4 (/ ] ) Sup-
pose that f is K-quasiconformal in |z| < 1, f(0) =0,z =re?. If

(5) / Dy pvalz) — Cﬁl

|z]<1

for ao=0,7/2 then 3y > 0 such that hII(l) |f(2)|/]|z] = v and
2

arg f(r'?) = o (x/—logr> , asr — 0.

In addition, if (5) holds for a« =0,7/2,3, B #n-nw/2,n=0,1,2, then f is
conformal at z = 0.

Conjecture 6 (Reich and Walczak)

Let L(z) : D — [1,00) be any measurable function esssup L(z) < oo.
D

Then there exists a q.c. map f:D — f(D), f(0) =0, conformal at 0 with
D¢(z) = L(2) a.e. in D.



Theorem 7 [ /
Let f: D — f(D), f(0) =0 be p-homeomorphism, satisfying certain inte-
grability conditions. If o = argz and

/ s (2)|* + [Re > puy| dady
L= ps(2)[? 2]

then |f(z)] ~ Alz|, 2 = 0, A > 0 and f is a asymptotically rotation on
circles, namely

arg f(rew?) — arg f(rewl) — (0 —01) =0, r =0,

uniformly in 0 for appropriate choice of the argument.
If lina arg f(re'”) = a, for some a € R and particular value of 6y, then f
r—

1s conformal at 0.

Theorem 8 (/ /)
Let f be a quasi-conformal mapping in D, f(0) =0. If
s (2)°
9) / B drdy < oo
D

and lim [ (2 )dxdy exists and is finite.

T_>Or<|z\<1

then f is conformal at z = 0.

Theorem 10 (/ /) Let D be the
unit disk. For each measurable function p satisfying (9) in D, with ||p)|e < 1,
there exists a quasiconformal mapping F : 1D — D conformal at z =0 and

ur(2)] = [u(2)] ae.



Theorem 11 / | Let f
be a p-homeomorphism in D, f(0) =0. Let 0 <1y <11 < 0,0 <7 <1,

e lim |f(2)|/|z| =~ # 0 if and only if

|2|—0

(12) M(Ag(re,r1)) — M(A(rg,m1)) = 0(1), asr; — 0,

where log n > K for some preliminary fived K.
T2

o If f satisfies (12) and fort > 1
0y — 61
logt

(13) }AEI(I)M(QJC(T,I?T, (91,92)) =

9

uniformly in 61,09 € [0,2m) then 3y > 0 |11|m0|f(z)\/|z\ = and f is
z|—
asymptotically a rotation on circles.

o Let > 0. If f satisfies (12), (13) and
M(S{(ra,m1)) — M(S”(r2,71)) = 0 as 1y — 0,

then f is conformal at z = 0.

Here Sﬁ(T’Q,Tl) = U {Z — Tei(fﬂlogr+9)’ T < T < 7'1}, and S?(?"Q,Tl) 18
6€[0,2m)

the image of the family of curves S”(ry, 1) under f.

o [f for some fixed 0, lir% arg f(re!’) — 0 = const, then f is conformal at
r—r
the origin if and only if (12), (13) hold.



Theorem 14 Let f be a p-homeomorphism in D, f(0) = 0. If for a = 0
and o = 5 the limits

: dA,
(15) 71}5)% // (Df,9—|—a o 1) ‘Z|2

r<|z|<1

are finite, then 3y > 0 such that |li|m 1f(2)|/|z| = v and f is asymptoti-
z|—=0

cally a rotation on circles. If (15) exists for a = 0, « = 7/2 and oy #
w/2,7,31/2, ¢ € (0,2m), then f is conformal at z = 0.

dA
lim (Digra—1)— <
H%{fd 1.0+ BE

2

I qu(;)!

| drdy < oo and lim [ ol (Z)da:dy exists and is finite.
5 |z

2
r_>0r<|z\<1



Peano derivatives, C'*® conformality and other smoothness results

Theorem 16 (Shishikura) ([ /)
Let f:C— C, f(0)=0, be a quasz’conformal mapping and Suppose

// |11 (2)
1 — |ps(z \Q\ZP

is finite and has order O(r?),r — 0, for some 3 > 0.

B
2+
f(2) = f(0)z 4+ O(|z|"™), as z — 0.

Then for any 0 < a < f is O —conformal at 0 in the sense that

Conjecture 17 Let f: D — D, f(0) =0, be a quasiconformal mapping and

gl dA:
suppose for some C' > 0, I(r < CrP. Then
= TP

_ o Ellsii
f(z)—f(O)z%—O(m\Z/m) ,z2— 0.

and the result is sharp.

Theorem 18 (/ /)

Let R > 0, f be quasiconformal D(0, R), |uf(2)] < C|z|?, 8 > 0 for almost
every z i D.

Then there exists a polynomial P, 1 of degree at mostn+1,0 < f—n <1,
such that

1£(2) = Pana(2)] < CJ2|7H,
where C depends on C, 8, R and the diameter of f(D(0, R)).



Approximate continuity

o € L(Q), ||u(2)|lo < 1. Let 2 € Q.

END
o [f JE—measurable 21_1}(1)' \D(ZO(,ZSS ‘6)‘ = 1, and Z%l)ziolgleEM(Z) = Ho, then
app lim 1i(z) = po.

o app lim pu(2) = po <= lmz [ [u(2) = poldA. = 0.

Z%0 |z—zo|<r
A q.c. mapping f(z) : 2 — C such that f(0) = 0 is asymptotically

homogeneous at 0 if for all ( € C lim f(¢2) = (.
z—0 f(z)

1. <= dA(z) : R — C, so that f(z) = A(|]z])(z + o(|z])), z — 0, where

lim Altz) =1, for all t > 0.
z—0 A(x)

2. — H;0)=1.
3. = lim |F(¢)|/If(2)] = C.C€C\O,

1 = Timfarg f(C2) — arg f(2)] = arg (.

5. = lir%log|f(z)\/log|z\ = 1.
Z—r

Theorem 19 (/ /)
Let f: C— C, f(0) =0, be a quasiconformal mapping

~applim pip(2) = 0,

f is asymptotically homogeneous at z = 0, and therefore satisfies 1.—5.' fis
weakly conformal at z=0 (if it satisfies 1. and 3.)

1
. appyg%uf(z) =0 < lim— [ |uf(z)|dA, =0.

2
r=0 T |z|<r

o If lin% pe(z) =0 (f is asymptotically conformal at 0 ) then f is asymp-
Z—r

totically homogeneous at 0.

P
e Observation: Let p > 0. If [f \u{(;)\ dA, < oo then app lin% pr(z) = 0.
lzl<1 1# S



Theorem 20 / /
Let f(z) : D — D be a K q.c. mapping. The following conditions are
equivalent:

1. Hp(0) =1
2. For a fited ro <1 and 0 < ry < 11 <1y,
M(ro,r9) — M(19,71) — M(11,70) = 0(1)
,asr; — 0.

3. For a fixed ro > 0, v < 19, and for some constant A = A(rg) > 0,
6 € [0,2m) |
|f(re)| ~ Aexp{—2nM(r,10)}, r — 0.

1

dr
/ o= < My(ra,r) < 27T // Dfa z|2

T2 Tfoﬁ_,_%d@ A(rg,r)
0

Theorem 21 (/ /. L'vov ) Let f : D —
f(D), be a K-q.c. mapping, f(0) =0,

/ / ’Mfz(;)PdAz <o

|z|<1

Then H¢(0) =1 and for any 0 < ry <1, 3A = A(rg) > 0

1 o dA,
£~ Ao |~ [ [ D)2z | E =0

s
2|

1 f(2) = 2(1 — 1o 1y (2|7
: g |z]) satisfies [[ dA, < oo and

|z|<r ‘ |2

2. exp ( ff Dy rpa(z dA;) = A(ro)|2[(1 — log |z]).

2]

"0 on dA.

3. [f |,u dA < 00 = exp < ff02 Dfm/gw) ~ Alz|, |z| = 0 for
|z|<r T <

some constant A > 0.

Ape> T 4+ePug> |1 —e 2 p?

— — 2.
1 — |pg|? L — |psl? 1 — |ps]?




Applications to the type problem and Nevanlinna theory

° | ]

Theorem 22 (/ /) Let f(z2) be a quasiconfor-
mal mapping in C, f(oo) = oo, with complex dilatation s such that
(23) Mdxcl = o(1) —
PE y=o0(l), n— oo.
2n<|z|<2ntt

Then as r — o0

flz) =z
sup ——| =o(1).
el | F(T) 7
The proof of this theorem provided in | ] is

remarkably short and concise. In |
one can find a more elaborate proof.

An immediate consequence of this theorem is that the circular dilatation
is one at infinity.

e "The theorem seems to be more natural and convenient for the study of
deficient values than the original one of Teichmiiller—Wittich. It enables
us to work with less precise estimates on the dilatation and still retain suf-
ficient precision for computing those quantities relevant to Nevanlinna’s
theory.

e This generalization of Teichmiiller-Wittich theorem has played a key role
in [ ] and in the solu-
tion to the inverse problem for meromorphic functions |
in using quasiconformal deformation.



Theorem 24 Let f(z) be a q.c. map C, f(0) =0, with dilatation .

(25) / |'uf‘dxdy =o0(l), n— oo

|22
2—(n+1)<|z‘<2—n

if and only if app hr% wu(z) = 0.
Z—

Proof. Let t,, =27".

2
| ‘N—‘gdxdy < / —gdrdy ]l ¢ |Pdzdy
tnt1<|z|<tn |Z‘ tnt1<|z|<tn ‘ | tnt1<|z|<tn

tnl
Son [ Lar p lugldady
tny1 tn+1<|Z|<tn

3
RO 9 [ ugldedy < 55 [ gldudy.

tnr1<|z|<tn n |z|<t,

(26) 11m— / u(2)|dA. =0 = lim / "”‘f‘dxdy_o

n—o0o0 t n—00 ‘Z|2
‘Z|<t tnt1<|z|<tn
Let € > 0. 3n > 0 such that | Mdaﬁdy<s,k=071,2,...
tn+k+1<‘2|<tn+k | |
- 1 4e
Z / gldady < thmk Z 22(n+k) — 3.2
n+k+1<|2‘<tn+k k=0 k=0

1 4
> [ @A, < g,
an|<tn

1
27)  lim— / (2)|dA. =0 <= lim / W) gy = 0.

r—0 7“2 n—00 |z‘2
|z|<r b1 <|z|<tn



Maximal modulus of continuity and F(z) = Az|z|'/5~1 A #£0

A K-q.c/quasiregular mapping f :  — C, where Q2 € C is locally Holder
continuous with exponent % The exponent % is the best possible, since

is 7 Holder continuous at z = 0.

e Hs, (0) =1 and Dy, (0) does not exist.
® 2 7é O,DfK(Z()) = K, HfJ((Zo) = K.



Theorem 28 / ] Let f: D — f(D) be an ACL
homeomorphism, satisfying additional integrability conditions. Let ¢ = arg z.
If there exists K > 0, such that for 6 = arg z

Ll _<K+;)dMy
o 1= [ (2) K)| TP

then
[f(2)] ~ Alz|x 72,2 = 0,

uniformly in arg z.

Let f ne a quasiregular/quasiconformal mapping in €2, 2z, € €2. The local
modulus of continuity for zy € 2 and small § > 0

wra(z0) = max{|f() = f(z0)] : 2 € |z — z0] <4,

Since wys(20) < ASYE A >0, we have w(z) = limsup (.Uf5(ZO) < 00
6—0 K
If we(z9) > 0 then 2 is called a point of maximal stretch.
Theorem 29 (/ ] Let f:Q — C be a

K -quasiregular mapping, zy € Q. If ws(29) > 0 then f is injective in a neigh-
borhood of zy and there exist a continuous function 6 : (0,1) — R such that

e
Theorem 31 (/ J) Let f : 2 — C be a

K -quasiconformal mapping. For any 1 C ), there exist a constant C' =
C'(241,824) such that for z1, 2z, € 4

|f(z1) = f(z2)| 2 C\/Wf(21)wf(22)|21 — 22\%.

dxdy
K — — <
%%MP ( K)Md2 >

Y



Boundary correspondence

A quasiconformal mapping of a Jordan domain onto a Jordan domain
can be extended to the closure as a homeomorphism. To study boundary
behavior of q.c. maps one often considers quasiconformal authomorphisms
of the upper half plane

eH={z=0+iy:y>0}, D={z=o+1iy: 2| <1}
e f:H — H is a K-quasiconformal automorphism of H, f(c0) = 0.

e The induced boundary correspondence is also denoted by f and so is its
extension by reflection to the lower half-plane H*.

fla+1) — flx)
f(@) = flz—1)

of the interval |z — y| <t can be viewed as the trace on R of the circular
distortion Hy(x,t),z € R.

e For z,y € R, t > 0, the interval distortion hs(z,t) =

Theorem 32 There exists a number M such that on R

1St )
M = flz) = flz—1)
Moreover, if f : R — R, f(c0) = oo is a homeomorphism that satisfies the
above inequality, then its extention to f : H — H

(33)

<M

1 1

f(:c+z'y):%/(f(x+ty)+f(x—ty dt—|—2/ (x +ty) — f(x —ty)) dt.

0 0
is a K-q.c. such that K = K(M) and K — 1, as M — 1.

The second part of the theorem is due to |
They showed that quasisymmetric maps could be purely singular.

In | ], was the first to obtain sufficient
conditions on the growth of the real dilatation of a quasiconformal map de-
fined on the upper-half plane near the real line that imply differentiability of
its boundary extension or absolute continuity of the boundary extension so
that its generalized derivatives are in L} (R).

Further improvements or related results:



[J. Anderson, J. Becker, M. D. Lesley, ’88, J. London Math soc. ],
[Becker, Complex. Var. 1987],

[J. Anderson, A. Hinkkanen, 94, Bull. Lond. Math. Soc.],
[Gutlyanskii and Ryazanov, Ann.Acad. Sci. Fenn, 1996],

[MBT, J. Jenkins, Ann. Acad. Sci. Fenn, 2002]

and many others.



Quasisymmetric and symmetric maps on the real line and the
unit circle.

A homeomorphism f : R — R, f(oo) = oo that satisfies

1 _fatr)—J@)
M= f(z) = f(z —1)
Ve € R,t > 0, is called quasisymmetric on R.

A homeomorphism f: R — R, f(oc0) = oo that satisfies.

(34)

o @t = f@

35 =1
& i fa-n
uniformly in z is called symmetric on R.

—1
G(z) = exp(2miz) or H(z) = i 7 map H to D.
2

Let f : S — S be orientation—preserving homeomorphism and S = {z :
2= 1)
f:S — S is quasisymmetric if 3M > 0 such that V6 € R, Vt > 0 :
L _ | () — f(e?)

3 = | ey = ey | = M

f:S! — S!is symmetric on S if

f(ei(0+t)) _ f(ew) .
F(@) = Fe@0) im0t

uniformly on R.



The universal Teichmiiller space 7 and some of its subspaces.

The universal Teichmiiller space 7 (D) is the space of quasisymmetric
homeomorphisms of the unit circle S fixing 1, ¢, and —1.

Two quasiconformal automorphisms f, g of D are said to be equivalent iff
fls = gls- Denote by [f] the equivalent class of f.

T (D) = {[f], f is a quasiconformal automorphism of D}.

1
The Teichmiiller metric drm) ([f]), [9]) = 5 fe[}}ngfe[g} log K(go f1).

Here K(go f~1) is the maximal dilatation.

One can also define the Kobayashi metric on 7.(D)

The space T (D) was introduced by Bers |
via the Bers embedding. It embeds bi-holomorphically in a bounded sub-
space of the space of holomorphic quadratic differential of D* = {z : |z| > 1.}
equipped with the Bers norm and has Bers complex manifold structure.

o Let g, € [f],i =1,2. Let p,, be its complex dilatations in D.

e Let G; be the solution to the Beltrami equation in C so that ug, = pg,
on D and pg, = 0 in D* so that G fixes oo and its derivative is 1 at oo.

e Then G1 D* — G2

o Let Sg, be the Schwarzian derivative of G;,7 = 1,2

D*-.

e The Bers embedding is 5([f]) = Sg, since for g; € [f],i = 1,2, Sq, =
Sa,- Here Sg, is a holomorphic function in a Banach space of holomorphic
quadratic differentials ® in D*, with the Bers norm

@5 = sup [®(2)](]2]* — 1)%.
zeD*



The symmetric Teichmailler space Ts(D),
[ ] is the space of normalized sym-
metric maps.

e A g.c. map f:ID — D is said to be asymptotically conformal if for every
e > 0, there exists a compact subset K, of D such that for any z € D\ K,

| (2)| <e.

e The space Ty(D) of normalized quasisymmetric maps which have an
asymptotically conformal extension is the little Teichmiiller space 7,.

e Gardiner and Sullivan showed that 75(D) = 7,(D), and that 75(D) has
complex Banach manifold structure.

e Later it was shown that the Kobayashi and Teichmiiller metric coincide

on 7.

e One can introduce in a similar way 7y(R) and 74(R), however a special
care here has to be taken with regard to the point at co and if one does
not include it into consideration, one has To(R) € T5(R).

e Thespace C' = | J Cl'*studiedin| J;

0<a<l
has complex Banach manifold structure and moreover that the Kobayashi

and Teichmuller mertics coincide on it.

e For further references about the universal Teichmiiller space and its many
subspaces, we refer to

[ J
[ ] and

references therein.



The p-integrable Teichmiiller spaces, p > 0.

TP(D) ={f € 7/'| 3F : D — D, q.c. such that F, = f and |ur| € LP(D,0)},
7
do(z) = (1 — |2)2dzdy

e If 0 < p < g, then TP(D) C T4D).

e 77(D), p > 2, was introduced in | ] through the
equivalent description of holomorphic functions. The complex Banach
manifold structure for 77(ID) was provided by Yanagishita including the
case with the Fuchsian group action.

e 72(D) was introduced in | ], who gave a few im-
portant characterizations of the elements of 72(ID).

In particular, he proved that the Beltrami coefficient associated with the

Douady—FEarle extension (see | ]) of any
element of 72(D) belongs to L?(D, ) and that 72(D) is a symmetric
space.

o | ] intro-

duced a Hilbert manifold structure on 7 (D) which makes 72(ID), the
connected component of the identity map. 72(ID), is now known as the
Weil-Petersson Teichmuller space.

o | ] introduced
(more than 25) equivalent definitions of the Weil-Petersson Teichmiiller
space, showing connections between and applications in fields such as
geometric function theory, SLE, harmonic analysis and geometric mea-
sure theory, knot energies, bi-Lipschitz involutions, Menger curvature,
minimal surfaces, while taking on an innovative geometric viewpoint to
many of them.

e For further studies of 77, p > 1, we refer to also to |
and | J.



Intrinsic characterization of the 7P-spaces, p > 0.

It was proposed by Tahtajan and Teo that the Weil-Petersson class could
be characterized in an intrinsic way, without using its extensions or its em-

bedding.

Theorem 36 (Shen, [ /) A sense-preserving
homeomorphism h on the unit circle belongs to the Weil-Petersson class if

and only if h is absolutely continuous (with respect to the arc-length measure)
and such that log b’ belongs to the Sobolev class H'Y?.

Later this characterization was presented in the language of Besov spaces.
One says that a locally integrable, complex-valued function u on S belongs
to the p-Besov spave B,(S) if, for p > 1

u
|ull, = //‘ | |ds||dt] < 00.

Theorem 37 (/ /) A sense-preserving home-
omorphism on the unit circle belongs to the class TP(D),p > 2 if and only if

it is absolutely continuous (with respect to the arc-length measure) and log h’/
belongs to the Besov class BP(S).

In | ] the authors show, using different
methods, that the result extends to 77,p > 1.



TP on R

Let f : H — H be an K-q.c. automorphism of H, fixing the boundary
points 0, 1,00. We say that the Beltrami coefficient iy is p-integrable if

p
[, < o

H

Let T(R) denote the set of all quasisymmetric maps on R fixing 0, 1, co.

Let T5(R) denote the set of all symmetric maps on R. Such maps have a
q.c. extension F' such that up(z) — 0,y — 0, uniformly in x.

Let To(R) be the elements of 7 with extension F' in H such that up — 0
as z — 00.

Define TP(R) = {f € QS(R) : f has a p-integrable q.c. extension in H.}

Lemma 38 Let f € TP(R) and let f be its extension to H with p—integrable
complex dilatation. Denote again by f the extension of f to the lower half-
plane by reflexion. If uniformly in § € R,z € C, H¢(§) = 1, namely

max £(2) = £(6)

|z—x|=r

2 min 17— F@]
then f: R — R s symmetric.
Let ¢ > 0.
max 7~ F@)] SO~ fE~1) ~ min 7z~ 7@

Theorem 39 /
We have T*(R) C T3(R) and T*(R) C To(R).
In addition, T*(D) C T4(D).

The proof is based on conformal module techniques and Teichmiiller’s Modul-
satz.



Theorem 40 / ] Let p > 0. We have
TP(R) C To(R) and TP(R) C T5(R). In addition TP(S) C To(S).

e Proposition 41 (/ /)
Let M € C be a set, f: C — C is such that its complex dilatation py

satisfies
715%72 //\,uf 2+ &)|dxdy =0

|z|<r

uniformly in & € M. Then f is uniformly weakly conformal in M.

e Let f € TP(R). Denote by f the extension of f with p-integrable ps in
H and its reflection to the lower half-plane.

oLet€>O

ff l'uf d dy < oo = d compact K such that

1

p q
[f |'LLF d:cd < (g) , where C, = <E> .
y?

H\ K q q
o Let r. =d(K,R),§ e Rand r < r..

=3 = IS Vg€ + 2)ldady <

|z|<7“

T_12<ff|22q/pdxdy> (ff |:uf |§Z“Z z)|P d dy)p

|z|<r |z|<r

<s(3) (”W T )

g ( iy bl dy>p .
mr Y
max |f(2) = f(¢)]

[2=€l=r

e Uniformly in ¢ € R, lim = 1.

0 ‘mel‘n |f(z) — f(&))

e f|r is symmetric.



Smoothness of T?(S)

Theorem 42 (/ /) Let 0 < p < 1. Every element of
TP(D) is a Ct-diffeomorphism.

e Let f € THD)

e T an extension of f to D such that

]
—————dxd
/I (L —1zPp
D
is convergent. Using reflection over S we extend further f to the outside

of the disk.

e Let 0 < r < 1 be sufficiently small.

o [ f |Nf : ‘le«dy is convergent, uniformly in §; € S.
0

D(&,r) 17

e By T.W. Belinskii-Lehto theorem f'(&;) exists and is not equal to 0.

e One uses the reduced module to show that f/(£) is continuous on D.
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